MEASURED QUANTUM GROUPOIDS IN ACTION 



MICHEL ENOCK 



Abstract. Franck Lesieur had introduced in his thesis (now pubhshed in an expended 
and revised version in the Memoires de la SMF (2007)) a notion of measured quantum 
groupoid, in the setting of von Neumann algebras and a simphfication of Lesieur's axioms 
is presented in an appendix of this article. We here develop the notions of actions, 
crossed-product, and obtain a biduality theorem, following what had been done by 
Stefaan Vaes for locally compact quantum groups. Moreover, we prove that the inclusion 
of the initial algebra into its crossed-product is depth 2, which gives a converse of a 
result proved by Jean-Michel Vallin and the author. More precisely, to any action of 
a measured quantum groupoid, we associate another measured quantum groupoid. In 
particular, starting from an action of a locally compact quantum group, we obtain a 
measured quantum groupoid canonically associated to this action; when the action is 
outer, this measured quantum groupoid is the initial locally compact quantum group. 
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1. Introduction 



1.1. In two articles ([Val2], [Val3]), J.-M. Vallin has introduced two notions (pseudo- 
multiplicative unitary, Hopf-bimodule), in order to generalize, up to the groupoid case, 
the classical notions of multiplicative unitary [BS] and of Hopf-von Neumann algebras 
[ES2] which were introduced to describe and explain duality of groups, and leaded to 
appropriate notions of quantum groups ([ES2], [Wl], [W2], [BS], [MN], [W3], [KVl], 
[KV2], [MNW]). 

In another article [EV], J.-M. Vallin and the author have constructed, from a depth 2 
inclusion of von Neumann algebras Mq C Mi, with an operator- valued weight Ti verifying 
a regularity condition, a pseudo-multiplicative unitary, which leaded to two structures of 
Hopf bimodules, dual to each other. Moreover, we have then constructed an action of 
one of these structures on the algebra Mi such that Mq is the fixed point subalgebra, the 
algebra M2 given by the basic construction being then isomorphic to the crossed-product. 
We construct on M2 an action of the other structure, which can be considered as the dual 
action. 

If the inclusion Mq C Mi is irreducible, we recovered quantum groups, as proved and 
studied in former papers ([EN], [E2]). 

Therefore, this construction leads to a notion of "quantum groupoid", and a construction 
of a duality within "quantum groupoids". 

1.2. In a finite-dimensional setting, this construction can be mostly simplified, and is 
studied in [NVl], [BSzl], [BSz2], [Sz],[Val l], [Val5], and examples are described. In [NV2], 
the link between these "finite quantum groupoids" and depth 2 inclusions of J/i factors 
is given. 

1.3. Franck Lesieur introduced [LI] a notion of "measured quantum groupoids" , in which 
a modular hypothesis on the basis is required. Mimicking in a wider setting the technics of 
Kustermans and Vaes ([KVl], [KV2]), he obtained then a pseudo-multiplicative unitary, 
which, as in the locally compact quantum group case, "contains" all the information 
of the object (the von Neuman algebra, the coproduct, the antipod, the co-inverse). 
Unfortunately, the axioms chosen then by Lesieur don't fit perfectely with the duality 
(namely, the dual object does not fit the modular condition on the basis chosen in [LI]), 
and, in order to get a perfect symmetry between his objects and their duals, Lesieur gave 
the name of "measured quantum groupoids" to a wider class [L2], whose axioms could be 
described as the analog of [MNW], in which a duality is defined and studied, the initial 
objects considered in [LI] being denoted now "adapted measured quantum groupoids". 
In [E3] had been shown that, with suitable conditions, the objects constructed in [EV] 
from depth 2 inclusions, are "measured quantum groupoids" in this new setting. 

1.4. Unfortunately, the axioms given in [L2] are very complicated, and there was a 
serious need for simplification. This has been done in [E6] , which is given in an appendix 
of this article. 

1.5. Here are developped the notion of action (already introduced in [EV]), crossed- 
product, etc, following what had been done for locally compact quantum groups in [El], 
[ESI], [V2]. Then we prove a Takesaki-like biduality theorem; moreover, we prove that 
the inclusion of the initial algebra into its crossed-product is depth 2, and, therefore, using 
([EV], [E3]), we can construct another measured quantum groupoid, canonically associ- 
ated to the action. These results generalize both the case of locally compact quantum 
groups ([V2]) and the case of measured groupoids ([Yl], [Y2], [Y3]). 
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1.6. This article is organized as follows : 

In chapter 2 are recalled all the definitions and constructions needed for that theory, 
namely Connes-Sauvageot's relative tensor product of Hilbert spaces, fiber product of 
von Neumann algebras, depth 2 inclusions, and Vaes' Radon-Nykodym theorem. 
The chapter 3 is a resume of the construction of measured quantum groupoids; this 
theory is developped using the axiomatization given in [E6] ; the equivalence with Lesieur's 
axioms given in [L2] is postponed in an appendix. 

Chapter 4 is a technical part, mostly inspired by [KV2], which will be needed in chapter 
6. 

In chapter 5 is introduced the notion of (unitary) corepresentation of a measured quantum 
groupoid; this notion will be used throughout the paper. 

In chapter 6 is defined the notion of an action of a measured quantum groupoid on a von 
Neumann algebra; we define, using chapter 4, the notion of integrable action. 
In chapter 7, we define some technical properties of actions (which will be proved to be 
always satisfied in chapter 11). 

Chapter 8 is very technical; we prove, when there exists a (5-invariant weight, that there 
is a standard implementation of an action. 

In chapter 9 is defined the crossed-product of a von Neumann algebra by a measured 
quantum groupoid, via an action, and the dual action of the dual measured quantum 
groupoid on this crossed-product. 

In chapter 10, we construct on the crossed-product an auxilliary weight which will satisfy 
all the properties needed for applying chapter 8. Therefore, we get that the dual action 
has a standard implementation. This auxilliary weight will be used in chapter 13 to define 
the dual weight. 

In chapter 11, we obtain a Takesaki-like biduality theorem : the double crossed-product 
is, in a certain sense, equivalent to the initial algebra, and the bidual action to the initial 
action. 

In chapter 12, a measured quantum groupoid C5 be given, we characterize the crossed 
products by an action of <3 among von Neumann algebras on which acts the measured 
quantum groupoid 0"^. 

In chapter 13, using the weight defined in chapter 10 and duality theorems proved in 
chapter 11, we define the dual weight on the crossed-product, and obtain some results on 
this weight, and then on the bidual weight, which allow us to study the basic construction 
made from the inclusion of the initial algebra into its crossed-product, and, using chapter 
12, to prove that this inclusion is depth 2. 

In chapter 14, we apply the results of ([EV], [E4]) to the depth 2 inclusion obtained in 
chapter 13, which allow us to construct a new measured quantum groupoid. In particular, 
starting with an action of a locally compact quantum group, we obtain a measured 
quantum groupoid; this gives a new example of a measured quantum groupoid which 
should look familiar to specialists of group actions and groupoids. 

In the appendix had been postponed the proof that our axioms, developped in [E(3], are 
equivalent with Lesieur's axioms, given in [L2]. Namely, in appendix A, with our axioms, 
we construct the co-inverse, the scaling group and the antipod, mimicking what Lesieur 
did for his "adapted measured quantum groupoids". Then, in appendix B, we prove the 
equivalence of the two sets of axioms. 

2. Preliminaries 

In this chapter are mainly recalled definitions and notations about Connes' spatial 
theory (2.1, 2.3) and the fiber product construction (2.4, 2.5) which are the main technical 
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tools of the theory of measured quantum theory. We recall also some definitions and 
results about depth 2 inclusions (2.2), and Vaes' Radon- Nykodym theorem (2.6). 

2.1. Spatial theory [CI], [S2], [T]. Let be a von Neumann algebra, and let ip be 
a faithful semi- finite normal weight on A^; let 9^^, Tl^, H^, n^, A^,J^, A^,... be the 
canonical objects of the Tomita-Takesaki construction associated to the weight tp. Let a 
be a non-degenerate normal representation of on a Hilbert space "K. We may as well 
consider CK as a left A^-module, and write it then q,3-C. Following ([CI], definition 1), we 
define the set of ^/'-bounded elements of ^IK as : 

DU:K,i,) = {e e J{; 3C < oo, \\a{y)a < C||A^(i/)||, G OT^} 

Then, for any ^ in D{aO-C,ip), there exists a bounded operator i?"''^((^) from to "K, 
defined, for all y in DT^ by : 

R^'^m^y) = aiy)^ 

If there is no ambiguity about the representation a, we shall write R^l^) instead of 
R"'^{C,)- This operator belongs to Homiy{H^,'K); therefore, for any ^, r] in D{a'^,ip), 
the operator : 

O'^'^i^^r]) = i?°''^(Oi?"'^'(r/)* 

belongs to a^N)'; moreover, D{a'^,'ip) is dense ([CI], lemma 2), stable under a(A^)', and 
the linear span generated by the operators 0'^''^{^,r]) is a weakly dense ideal in a(A^)'. 
With the same hypothesis, the operator : 

belongs to n^^N)'. Using Tomita-Takesaki's theory, n^^N)' is equal to J^tt^{N)J^, and 
therefore anti- isomorphic to A^ (or isomorphic to the opposite von Neumann algebra A'''). 
We shall consider now < i,rj >a4> as an element of A^°, and the linear span generated by 
these operators is a dense algebra in A^°. More precisely ([CI], lemma 4, and [SI], lemme 
1.5), we get that < ^,1] >a,ip belongs to 971^, and that : 

U y in N is analytical with respect to ip, and if ^ G D{a'^,4'), then we get that a{y)C, 
belongs to D{a'^,'ip) and that : 

i?"'^(a(y)0 = R'''H0M%2iy*)J^ 

So, if f] is another ■^/'-bounded element of oCK, we get : 

There exists ([CI], prop. 3) a family (ej)^^/ of ^/'-bounded elements of ^IK, such that 

^^"''^(e„e,) = l 

i 

Such a family will be called an (a, V')-basis of 3-C. 

It is possible ([EN] 2.2) to construct an (a,'0)-basis of !K, (ej)ig7, such that the operators 
i?"'^(ej) are partial isometries with final supports 6'"''^(ej, Cj) 2 by 2 orthogonal, and such 
that, if z 7^ j, then < ei,ej >a,^p= 0. Such a family will be called an (a, ?/')-orthogonal 
basis of "K. We have then, for C,, r] in D{a^, V') • 

^"'^(0 = 5^r''^(e,,e0i?"'^(O = < ^'^^ >-^^ 

i i 
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i 

i 

the sums being weakly convergent. 

Moreover, we get that, for all n in A^, 6"''^{ei,ei)a{n)ei = a(n)ej, and 9"''^{ei,ei) is the 
orthogonal projection on the closure of the subspace {a(n)ej,n G A^}. 
Let /? be a normal non-degenerate anti-representation of on J{. We may then as 
well consider as a right A^-module, and write it !K^, or consider /3 as a normal non- 
degenerate representation of the opposite von Neumann algebra A^°, and consider [K as 
a left A^°-module. 

We can then define on N° the opposite faithful semi-finite normal weight tp"; we have 
DT^o = 9^^, and the Hilbert space H^o will be, as usual, identified with H^, by the 
identification, for all x in DT^, of A^o(x*) with J^A^(x). 
From these remarks, we infer that the set of '?/'°-bounded elements of is : 

D{J{p,r) = {^e^;3C< oo, my*m < C\\AM\\yy ^ ^vl 

and, for any ^ in D^KiSyip") and y in 9^^, the bounded operator R^'^° is given by the 
formula : 

This operator belongs to Homjqo[H^,'K). Moreover, Di^'Kp.ip") is dense, stable under 
(3{N)' = P, and, for all y in P, we have : 

Then, for any ^, r] in D(lK/5, '?/'°), the operator 

belongs to P, and the linear span generated by these operators is a dense ideal in P; 
moreover, the operator-valued product < ^, >i3,tp°= R^''^° {jf)* R^''^° belongs to 7r^(A^); 
we shall consider now, for simplification, that < ^,f] >/3,V'° belongs to A^, and the linear 
span generated by these operators is a dense algebra in A^, stable under multiplication by 
analytic elements with respect to ip. More precisely, < >i3,x(i° belongs to Wl^ ([•^'Iji 
lemma 4) and we have ([SI], lemme 1.5) : 

A '?/'°)-basis of !K is a family (ej)jg/ of '^/'"-bounded elements of "Kp, such that : 

i 

We have then, for all ^ in Di^p, : 

i 

It is possible to choose the (ej)ig/ such that the R^''^° [ci) are partial isometries, with final 
supports 9'^'^°{ei, Cj) 2 by 2 orthogonal, and < e^, ej >i3^^o= if i 7^ j; such a family will 
be then called a -1/;°) -orthogonal basis of "K. We have then 
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Moreover, we get that, for all n in A^, and for all we have 6^'^°{ei, ei)(3{n)ei = (3{n)ei, 
and therefore, ^^''^°(ej, Cj) is the orthogonal projection on the closure of the subspace 
{(3{n)ei,n G N}. 

2.2. Jones' basic construction and operator-valued weights; depth 2 inclusions. 

Let Mq C Ml be an inclusion of von Neumann algebras (for simplification, these algebras 
will be supposed to be cr-finite), equipped with a normal faithful semi-finite operator- 
valued weight Ti from Mi to Mq (to be more precise, from to the extended positive 
elements of Mq (cf. [T] IX. 4. 12)). Let ipo be a normal faithful semi-finite weight on Mq, 
and ipi = ipo ° Ti, for z = 0, 1, let Hi = H^^, Ji = J^^, Aj = A^- be the usual objects 
constructed by the Tomita-Takesaki theory associated to these weights. Following ([.J], 
3.1.5(i)), the von Neumann algebra M2 = JiM'^Ji defined on the Hilbert space Hi will 
be called the basic construction made from the inclusion Mq C Mi. We have Mi C M2, 
and we shall say that the inclusion Mq C Mi C M2 is standard. 

Following ([EN] 10.6), for x in 91tu we shall define Kt^{x) by the following formula, for 
all z in DT^o : 

Ati(x)A^o(2) = A^i(x2) 

This operator belongs to HoniMgiHQ, Hi); if x, y belong to ^Ti, then AT^{x)ATT^{y)* 
belongs to M2, and Ari(x)*ATi(|/) = Ti(x*y) e Mq. 

Using then Haagerup's construction ([T], IX.4.24), it is possible to construct a normal 
semi-finite faithful operator- valued weight T2 from M2 to Mi ([EN], 10.7), which will be 
called the basic construction made from Ti. If x, y belong to ^Ti, then Aj'-^^{x)Aj--^{y)* 
belongs to OJl^j, and T2(Atj(x)At^ (?/)*) = xy*. As we have, for all normal semi-finite 
faithful weight (p on Mi : 

^ = A 

the operator- valued weight T2 is charaterized by the equality ([EN], 10.3) : 

dipi o T2 _ dipi _ 
#0° ~di^ooTi)o- ^1 

The operator-valued weight T2 from M2 to Mi will be called the basic construction made 
from the operator- valued weight Ti from Mi to Mq. 

Repeating this construction, we obtain by recurrence successive basic constructions, which 
lead to Jones' tower (M()jgN of von Neumann algebras, which is the inclusion : 

Mo C Ml C M2 C M3 C M4 C ... 

which is equipped (for i > 1) with normal faithful semi- finite operator- valued weights Tj 
from Mi to Mj_i. We define then, by recurrence, the weight ipi = ipi-i o Tj on Mj, and 
we shall write Hi, Ji, A, instead of H^^, etc. We shall define the mirroring ji on !i{Hi) 
by 3i{x) = JiX*Ji, for all x in L{Hi). 

Following ([EN] 10.6), for x in 91^^, we shall define A7-. (x) by the following formula, for 
all z in : 

AtXx)A^^_^{z) = A^X^z) 

Then, At^x) belongs to HomM°_^{Hi_i, Hi); if x, y belong to D^t,, then AT,(x)*Ar,(y) = 
Ti{x*y), and A'r-(x)Ar-(?/)* belongs to Mj+i; more precisely, it belongs to DJlTi+i, and 

Ti+i{ATXx)ATXy)*) = xy*. 

Let Mq C Ml be an inclusion of von Neumann algebras, equipped with a normal semi- 
finite faithful operator- valued weight Ti from Mi to Mq; following ([GHJ] 4.6.4), we shall 
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say that the inclusion Mq C Mi is depth 2 if the inclusion (called the derived tower) 



Mg n Ml c Mq n M2 c Mg n M3 

is standard, and, following ([EN], 11.12), we shall say that the operator- valued weight Ti 
is regular if both restrictions T2\M[pM2 and T-i\M[nMz are semi-finite. 
By Tomita-Takesaki theory, the Hilbert space Hi bears a natural structure of Mi — M°- 
bimodule, and, therefore, by restriction, of Mq — Mg-bimodule. Let us write r for the 
canonical representation of Mq on Hi, and s for the canonical antirepresentation given, 
for all X in Mq, by s{x) = Jir{x)*Ji. Let us have now a closer look to the subspaces 
D{His, iPq) and D{rHi, ipo). If x belongs to D^Tti HD^T^j , we easily get that JiA^^ (x) belongs 
to D{rHi,iljQ), with : 

i?'-''^°(JiA^,(x)) = JiAt,(x)Jo 
and A^^(x) belongs to D{His,iPq), with : 

R'^<iA^,ix))=ATAx) 

In ([El], 2.3) was proved that the subspace D{His,iPq) Pi D{rHi,ipQ) is dense in Hi, let 
us write down and precise this result : 

2.2.1. Proposition. Let us keep on the notations of this paragraph; let T^i,Ti be the 
algebra made of elements x in D^^,-^ fl 91^1 H 91^^ fl 91^^ , analytical with respect to ipi, and 
such that, for all z in C, o"^^ (x„) belongs to 91^^ fl 91^-^ fl 91,^^ fl 91^^ . Then : 

(i) the algebra T^i,Ti is weakly dense in Mi; it will be called Tomita's algebra with respect 
to V'l and Ti ; 

(a) for any x in T^,i,ri; A^j(x) belongs to D{His, iPq) fl D{rHi, iPq); 

(Hi) for any in D{His,iPq)) , there exists a sequence x„ in T^,i,ri such that At'j(x.„) = 

i?*''^o(A^^(x)) is weakly converging to R^'^o(^^^ and A^^(x„) is converging to C,. 

Proof. The result (i) is taken from ([EN], 10.12); we get in ([El], 2.3) an increasing 
sequence of projections Pn in Mi, converging to 1, and elements Xn in 7'^,i,Ti such that 
A^i(x„) = Pn^. So, (i) and (ii) were obtained in ([El], 2.3) from this construction. More 
precisely, we get that : 

Ti(xX) = <i?^''^°(A^,(x„)),i?^''^'o°(A^,(xO)>,,V,g 

which is increasing and weakly converging to < >s,V'o- '— ' 
We finish by writing a proof of this useful lemma, we were not able to find in litterature: 

2.2.2. Lemma. Let Mq C Mi be an inclusion of von neumann algebras, equipped with a 
normal faithful semi-finite operator-valued weight T from Mi to Mq. Let ipQ be a normal 
semi-finite faithful weight on Mq, and ipi = ipQO T; if x is in ^t, o,nd if y is in Mq fl Mi, 
analytical with respect to ipi, then xy belongs to 'TIt- 
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Proof. Let a be in ^^g] then xa belongs to OT^^, and xya = xay belongs to DT^^; moreover, 
let us consider the element T{y*x*xy) of the positive extended part of M^; we have : 

<T{y*x*xy),ujA^^{a) > = iJiia*y*x*xya) 

cr%,iynr\\ATix)A^oi<^)r 



< 

from which we get that T{y*x*xy) is bounded and 

\/2 



Tiy*x*xy)<\\at\JynrT{x*x) 



□ 



2.3. Relative tensor product [CI], [S2], [T]. Using the notations of 2.1, let now % 
be another Hilbert space on which there exists a non-degenerate representation 7 of A^. 
Following J.-L. Sauvageot ([S2], 2.1), we define the relative tensor product J-C % as 

the Hilbert space obtained from the algebraic tensor product D{'K/3,ip°) % equipped 
with the scalar product defined, for ^1, ^2 in D^Kp, ip"), rji, 772 in %, by 

(6 0^i|6 0^2) = (7(< 6,6 >/3,^°)^ih2) 

where we have identified with 7t^{N) to simplifly the notations. 

The image of ^ Q r] in "K X will be denoted by C, p^-yf]. We shall use intensively this 

construction; one should bear in mind that, if we start from another faithful semi-finite 
normal weight we get another Hilbert space %; there exists an isomorphism 

Uf^' from "K p®^ X to :K X, which is unique up to some functorial property ([S2], 
2.6) (but this isomorphism does not send ^ /3®7 r] on ^ /j®^ 77 !). 

When no confusion is possible about the representation and the anti-representation, we 
shall write ®v> X instead of 3i /j®^ X, and ^ ®v> V instead of C, p^-y rj. 

In ([Si] 2.1), the relative tensor product J-C /j®^ X is defined also, if .^1, ,^2 are in [K, 771, 

?72 are in D{yX, tp), by the following formula : 

(6 0^1 16 ©^2) = (/5(< Vi,V2 >7,v06l6) 

which leads to the the definition of a relative flip which will be an isomorphism from 

IK /3®7 X onto X y®i3 !K, defined, for any ^ in Di^p, ip°), t] in D{yX, ^Z'), by : 
ip 1/)° 

This allows us to define a relative flip from L{'K p^^X) to LiXy^p'K) which sends X 
in £(J{ X) onto <,^{X) = a^Xa^. Starting from another faithful semi-finite normal 
weight ip', we get a von Neumann algebra £j(IK^®73C) which is isomorphic to jC{'Ki3tS)-yX), 
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and a von Neumann algebra £;(DC-y®/3 3i) which is isomorphic to £(DC^®/3 'K); as we get 
that : 

we see that these isomorphisms exchange and <^^/. Therefore, the homomorphism 
can be denoted qjy without any reference to a specific weight. 

We recall, following ([S2], 2.2b) that, for all in CK, r/ in D{^%, tp), y in N, analytic with 
respect to ip, we have : 

With the notations of 2.1, let (ej)jg/ a ?/;°)-orthogonal basis of "K; let us remark that, 
for all ?7 in 3C, we have : 

Cj /3®7 V = (^i /3®7 7(< e-j >p,^o)'q 
On the other hand, ^^''^°(ej, Cj) is an orthogonal projection, and so is 9^''^° {ei,ei) 1; 

N 

this last operator is the projection on the subspace /3®7 7(< ei,ei >i3^^o)% ([E3], 2.3) 
and, therefore, we get that !K % is the orthogonal sum of the subspaces 

ei /3®7 7(< Cj, Ci >/3,v.°)3C 

For any E in 'K /3(8>7 ^K, there exist in X, such that 7(< e^, Cj >/3,^o)^i = and 
^ = Si /3®7 6' fro"^ which we get that J2i WdW^ = II^IP- 

Let us suppose now that 3C is a — P bimodule; that means that there exists a von 
Neumann algebra P, and a non-degenerate normal anti-representation e of P on %, such 
that e(P) C 7(iV)'. We shall write then ^%^. If y is in P, we have seen that it is 
possible to define then the operator 1^ e{y) on [K X, and we define this way 

a non-degenerate normal antirepresentation of P on ^g®^ DC, we shall call again e for 

V. 

simplification. If is a Q — bimodule, then J{ /j®^ % becomes a. Q — P bimodule 

V' 

(Connes' fusion of bimodules). 

Taking a faithful semi-finite normal weight u on P, and a left P-module ^£ (i.e. a Hilbert 
space L and a normal non-degenerate representation of P on £), it is possible then 
to define {"K ^(g)^ %) e®,^ Cj. Of course, it is possible also to consider the Hilbert space 

{% L). It can be shown that these two Hilbert spaces are isomorphics as 

I3{N)' - C(P) °-bimodules. (In ([Vail] 2.1.3), the proof, given for N = P abelian can be 
used, without modification, in that wider hypothesis). We shall write then % p^-yXe®/:;,^ 

tp V 

without parenthesis, to emphazise this coassociativity property of the relative tensor 
product. 

Dealing now with that Hilbert space 'K. /j®^ % -C, there exist different flips, and it is 

1p V 

necessary to be careful with notations. For instance, 1^ ® is the flip from this Hilbert 

^P 

space onto fi®-^ (L 3C), where 7 is here acting on the second leg of L c®^ 3C (and 

13 



should therefore be written 1 7, but this will not be done for obvious reasons). Here, 

v° 

the parentheses remain, because there is no associativity rule, and to remind that 7 is 
not acting on L. The adjoint oi\p® Oy is I/3 ® Oyo. 

The same way, we can consider e®c -'- fro^^ ^ /3®7 ^ e®c ^ '^'^o (3C ^®/3 3^) e®c 
Another kind of flip sends 3C) onto L c^®^ (J{ X). We shall denote this 

application cr;J,|^ (and its adjoint cr^;^), in order to emphasize that we are exchanging the 

first and the second leg, and the representations 7 and e on the third leg. 

If TT denotes the canonical left representation of on the Hilbert space we verify 

that the application which sends, for all in [K, normal semi-finite faithful weight on A^, 

and X in Dl^, the vector ^ fi®^, J^k^{x) on gives an isomorphism of 'K p®.,, L'^{N), 

ip ^ 

which sends the antirepresentation of A^ given by n 1-^ 1:h i3®n L'^{N) on /5. The same 

N 

way, there exists a canonical identification, as left A^-modules, of L'^{N) ®^ % with %. 

For any ^ in DCKp, we define the bounded linear application A^'''^ from % to 'Ki3®^% 

i> 

by, for all 77 in %, X^''^{ri) = ^ j3®^'q. We shall write if no confusion is possible. We get 
([EN], 3.10) : ^ 

We have : 

(Af^)*Af^ = 7(<e,e>Av.") 

We may define, for any 77 in D{^%,ip), an application p^'"^ from % to % i3®-y % by 
Pri'^iO = ^ P®i V- We shall write if no confusion is possible. We get that : 

(p?'^)Vj'^ = /3(<r/,r/>,,V.) 

Let X be an element of ^(IK), commuting with the right action of A^ on J{/3 (i.e. x 
belongs to /5(A^)'). It is possible to define an operator x p®^ 1% on "K p®^ %. We can 

easily evaluate ||x [^®y : for any finite J G I, for any rii in %, we have : 

{{x*x p®^ lx){T.i<zjei p®^ r]i)\{J:i^jei f3®^ rii)) = Siej(7(< xci, xe, >M°)Vi\Vi) 

l/j ijj 1p 

< ||x|pSigj(7(< ei,ei >/3,^°)?7i|?7i) 
= ||z|H|Si6jei /j®^ ?7i|| 

from which we get ||x /3®.y lx\\ < \\x\\. 

By the same way, if y commutes with the left action of A^ on ^% (i.e. y G '-f{N)'), it is 
possible to define l^c /3®7 y on IK 13®^ %, and by composition, it is possible to define then 

X i3®y y. If we start from another faithful semi-finite normal weight the canonical 
isomorphism Up^ from J-C i3®-y % to J-C i3®-y % sends x p®^ y on x p®-y y ([S2], 2.3 and 
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2.6); therefore, this operator can be denoted x p®^ y without any reference to a specific 

N 

weight, and we get ||a; /j®^ y|| < 

N 

If DC is a Hilbert space on which there exists a non-degenerate representation 7 of N , 
then 3C is a — '^{N)'° bimodule, and the conjugate Hilbert space DC is a 7(A^)' — N° 
bimodule, and, ([S2]), for any normal faithful semi-finite weight on '-/{N)', the fusion 
^3C®DC^ is isomorphic to the standard space L'^(N), equipped with its standard left and 

right representation. 

Using that remark, the associativity rule, and the identification (as right A^-modules) of 
J{ ®,0 L'^{N) with J{, one gets for any x G (3{Ny : 

\\X i3<^-y IxW < \\X f3®.f Ix ® Ij^ll = llx ^® 1^2(^)11 = ||x|| 
N N lW° N 

from which we get \\x l-xW = \\x\\ . 

N 

If % and % are finite-dimensional Hilbert spaces, the relative tensor product 'Kp®^% can 

be identified with a subspace of the tensor Hilbert space 'K®% ([EA] 2.4), the projection 
on which belonging to I3{N) ® ^{N). 

2.4. Fiber product [VI], [EV]. Let us follow the notations of 2.3; let now Mi be a von 
Neumann algebra on [K, such that I3{N) C Mi, and M2 be a von Neumann algebra on 
3C, such that 7(A^) C M2. The von Neumann algebra generated by all elements x y, 

N 

where x belongs to M[, and y belongs to Mg, will be denoted M[ Mg (or M[ M'2 if 

N 

no confusion if possible), and will be called the relative tensor product of M[ and Mg over 
A^. The commutant of this algebra will be denoted Mi/3*^M2 (or Mi*jvM2 if no confusion 

N 

is possible) and called the fiber product of Mi and M2, over A^. It is straightforward to 
verify that, if Pi and P2 are two other von Neumann algebras satisfying the same relations 
with A^, we have : 

Ml *Ar M2 n Pi *Ar P2 = (Mi H Pi) *n {M2 H P2) 

Moreover, we get that <^7v(Mi p*^ M2) = M2 Mi. 

TV N° 

In particular, we have : 

(Ml n (3{Ny) (M2 n 7(A^)') C Ml M2 

N N 

and : 

Mi^*^7(A^) = {MinP{Ny)p®^l 

N N 

More generally, if /3 is a non-degenerate normal involutive antihomomorphism from A^ into 
a von Neumann algebra Mi, and 7 a non-degenerate normal involutive homomorphism 
from A^ into a von Neumann algebra M2, it is possible to define, without any reference 
to a specific Hilbert space, a von Neumann algebra Mi p*^ M2. 

N 

Moreover, if now /3' is a non-degenerate normal involutive antihomomorphism from A^ into 
another von Neumann algebra Pi, 7' a non-degenerate normal involutive homomorphism 
from A^ into another von Neumann algebra P2, $ a normal involutive homomorphism from 
Ml into Pi such that $ o /? = /?', and \1/ a normal involutive homomorphism from M2 into 
P2 such that \& o 7 = 7', it is possible then to define a normal involutive homomorphism 
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(the proof given in ([Si] 1.2.4) in the case when is abehan can be extended without 
modification in the general case) : 

^ /3*y^ : Ml 13*^ M2 ^ Pi i3'*Y P2 

N N N 

In the case when is a. N — P° bimodule as explained in 2.3 and ^£ a P-module, if 
7(A^) C M2 and e(P) C M2, and if C{P) C M3, where M3 is a von Neumann algebra 

on £, it is possible to consider then (Mi p*^ M2) e*c ^3 ^ind Mi p*^ (M2 e*c ^s)- The 

N P N p 

coassociativity property for relative tensor products leads then to the isomorphism of 
these von Neumann algebra we shall write now Mi js*^ M2 e*c M^ without parenthesis. 

N P 

If Ml and M2 are finite-dimensional, the fiber product Mi f^*^ M2 can be identified to 

N 

a reduced algebra of Mi ® M2 (reduced by a projector which belongs to P{N) ® liN)) 
([EV] 2.4). 

2.5. Slice maps [E4]. Let A be in Mi p*^ M2, ip a normal faithful semi-finite weight on 

N 

N, 3-C an Hilbert space on which Mi is acting, % an Hilbert space on which M2 is acting, 
and let ,^1, ^2 be in D{'Ki3,ip°); let us define : 

(a;^,5,^*,zrf)(A) = (Ag^)MAj^ 

We define this way (ct'^i.ga /3*7 id){A) as a bounded operator on %, which belongs to M2, 

V 

such that : 

One should note that (^^^1,52 /3*7 'id){l) = 7(< ^1,^2 >/3,V'°)- 
Let us define the same way, for any rji, 772 in D(^3C, tp) : 

(^rf^*,a;,,,J(A) = (pJ^^)MpJ;^ 

which belongs to Mi. 

We therefore have a Fubini formula for these slice maps : for any ^1, ^2 in P'i'^is, "ip"), Vii 
rj2 in D{^%,ip), we have : 

< /3*7 ^C?)(A) 

Let 01 be a normal semi-finite weight on M^ , and A be a positive element of the fiber 
product Ml M2, then we may define an element of the extended positive part of M2, 

N 

denoted (0i id){A), such that, for all r] in i5(^L^(M2), ■0), we have : 

11(01/3*7 ^d){Ay^'^r]\\'^ = M^dfs*^ ^r,){A) 

Moreover, then, if 02 is a normal semi- finite weight on M^, we have : 

02(01 /3*7 id){A) = (pi{id p*^ (p2){A) 
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and if Ui be in Mi* such that 0i = supiUi, we have (0i /^*^ id){A) = supi{uji p*^ id){A). 

ip ill 

Let now Pi be a von Neuman algebra such that : 

(3{N) C Pi C Ml 

and let $j (z = 1,2) be a normal faithful semi- finite operator valued weight from Mj to 
Pi] for any positive operator A in the fiber product Mi M2, there exists an element 

N 

($1 /3*^ id){A) of the extended positive part of Pi p*^ M2, such that ([El], 3.5), for all rj 

N N 

in D{^L^{M2),i^), and ^ in D{L'^{Pi)p,i)°), we have : 

||($l^*,zrf)(A)V2(^^®^^)||2= 

If is a normal semi-finite weight on P, we have : 

(0 o $1 id){A) = (0 id){<l>i id){A) 

We define the same way an element {id p*^ $2)(^) of the extended positive part of 



Ml ^*f3 P2, and we have : 



N 



N 



{id p*^ $2)(($i id){A)) = ($1 f3*^ id){{id ^2){A)) 

N N N N 

Let TT denotes the canonical left representation of on the Hilbert space L?'{N)\ let x 
be an element of Mip * t,h{N), which can be identified (2.4) to Mi fl P{Ny, we get that, 

for e in DT^, we have : 

{idp * ^ujj^A^^e)){x) = P{ee*)x 

Therefore, by increasing limits, we get that {idf^ * T^ip) is the injection of Mi fl (3{N)' into 

1/) 

Ml. More precisely, if x belongs to Mi fl (3{N)' , we have : 

{idp * nip){xp ® ^1) = X 

4> N 

Therefore, if $2 is a normal faithful semi-finite operator-valued weight from M2 onto 
7(A^), we get that, for all A positive in Mi M2, we have : 

N 

{id/3 * O $2)(^)/3 ® 7I = {idp * ^^2){A) 

i> N i> 

With the notations of 2.1, let (ej)j£/ be a ■0°)-orthogonal basis of ^K; using the fact 
(2.3) that, for all rj in 3C, we have : 

/3®7 ^? = /3®7 7(< Ci, Ci >p,^o)r] 

we get that, for all X in Mi M2, ^ in -D(^/3, ^l>"), we have 

N 

{uj^^e, p*-f id){X) = 7(< Ci, Ci >p^^o){uj^^^^ p*^ id){X) 
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2.6. Vaes' Radon-Nikodym theorem. In is proved a very nice Radon- Nikodym 
theorem for two normal faithful semi-finite weights on a von Neumann algebra M. If $ 
and \l/ are such weights, then are equivalent : 

- the two modular automorphism groups a* and commute; 

- the Connes' derivative [D^! : D<^]t is of the form : 

where A is a non-singular positive operator affiliated to Z(M\ and 5 is a non-singular 
positive operator affiliated to M . 

It is then easy to verify that af (5*"*) = A*'^*^*'*, and that 

o (jf : = A*'* 

o af : = \-''' 

Moreover, we have also, for any x G : 

*(x)=/2m„$((5V2e„)a;(5V2ej) 

where the e„ are self-adjoint elements of M given by the formula : 

The operators e„ are analytic with respect to a* and such that, for any 2; e C, the 
sequence cr*(e„) is bounded and strongly converges to 1. 

In that situation, we shall write = $5 and call 6 the modulus of \& with respect to $; 
A will be called the scaling operator of \I' with respect to $. 

Moreover, if a G M is such that aS^^^ is bounded and its closure a6^/^ belongs to ^Tl$, 
then a belongs to D^*. We may then identify A^(a) with A$(a(5^/^), which leads to the 
identifications of with A*/^J$, and of with J<j,5~^ J^^A^,. 

3. Measured quantum groupoids 

In this chapter, we first recall the definition of Hopf-bimodules (3.1). We then give (3.2) 
the definition of a pseudo-multiplicative unitary, give the fundamental example given by 
groupoids (3.4), and construct the algebras and the Hopf-bimodules "generated by the 
left (resp. right) leg" of a pseudo-multiplicative unitary (3.3). We recall the definition of 
left-(resp. right-) invariant operator- valued weights on a Hopf-bimodule; we then give the 
definition of a measured quantum groupoid (3.7). We give the essential theorems which 
found the theory of measured quantum groupoids and its duality (3.8, 3.10, 3.11, 3.12). 

3.1. Definition. A quintuplet {N, M,a, l3,r) will be called a Hopf-bimodule, following 
([Val2], [EV] 6.5), if N, M are von Neumann algebras, a a faithful non-degenerate repre- 
sentation of into M , (3 a faithful non-degenerate anti-representation of A^ into M, with 
commuting ranges, and F an injective involutive homomorphism from M into M p*^ M 



such that, for all X in A^ : 

(i) T{(3{X)) = lp®^f3{X) 

N 

(ii) r(a(X)) = a(X)^®„l 

N 

(iii) r satisfies the co-associativity relation : 



N 



(r i3*a ld)T = {ld(3*a T)T 
N N 
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This last formula makes sense, thanks to the two preceeding ones and 2.4. The von 
Neumann algebra will be called the basis of (A^, M, «, /3, F). 

If {N, M,a, P,T) is a Hopf-bimodule, it is clear that {N°, M, P,a,<;N o T) is another 
Hopf-bimodule, we shall call the symmetrized of the first one. (Recall that <jAr o F is a 
homomorphism from M to M r*s M). 

N" 

If is abelian, a = /3, F = o F, then the quadruplet {N, M, a, a, F) is equal to its 
symmetrized Hopf-bimodule, and we shall say that it is a symmetric Hopf-bimodule. 

Let S be a measured groupoid, with 3*^°^ as its set of units, and let us denote by r and s 
the range and source applications from S to given by xx~^ = r{x) and x~^x = s{x). 
As usual, we shall denote by S^^^ (or Si^r) the set of composable elements, i.e. 

S^'^ = {{x,y)e9';s{x)=r{y)} 

Let (A")„gg(o) be a Haar system on S and u a measure u on 3'^°^ Let us write /i the 
measure on S given by integrating A" by : 

^= [ ydu 

Jg(o) 

By definition, u is said quasi-invariant if /i is equivalent to its image under the inverse 
X 1—^ x~^ of S (see [Ra], [Rl], [R2], [C2] II. 5, [P] and [AR] for more details, precise 
definitions and examples of groupoids). 

In [Yl], [A'2], [Y3] and [Val2] were associated to a measured groupoid S, equipped with 
a Haar system (A")„gg(o) and a quasi-invariant measure u on two Hopf-bimodules : 
The first one is (L°°(S'^°\ i/), L°°(S, /x), rg, sg, Fg), where we define rg and sg by writing , 
for g in L°°(g(°)) : 

'^s(^) =gor 
ssig) = 9°s 

and where Fg(/), for / in L°°(S), is the function defined on S^^^ by {s,t) i-^ /(st); Fg is 
then an involutive homomorphism from L°°(S) into L°°(Ssr) (which can be identified to 

The second one is symmetric; it is (L°°(S^°\ i^), 'C(S), Tg, rg, Fg), where ^(S) is the von 
Neumann algebra generated by the convolution algebra associated to the groupoid S, and 
Fg has been defined in [Y3] and [Val2]. 

If (A^, M, r, s, F) be a Hopf-bimodule with a finite-dimensional algebra M, then, the iden- 
tification of M j3*a M with a reduced algebra (M (8) M)e (2.4) leads to an injective 

homomorphism F from M to M ® M such that F(l) = 67^! and (F CS) id)r = {id (8) F)F 
([EV] 6.5). Then (M, F) is a weak Hopf C*-algebra in the sense of ([BSzl], [BSz2], [Sz]). 

3.2. Definition. Let A^ be a von Neumann algebra; let ^ be a Hilbert space on which 
A^ has a non-degenerate normal representation a and two non-degenerate normal anti- 
representations P and p. These 3 applications are supposed to be injective, and to 
commute two by two. Let z/ be a normal semi-finite faithful weight on A^; we can therefore 
construct the Hilbert spaces p®a ^ and S) S). A unitary W from p®a ^ onto 

^ a®fi ^ will be called a pseudo-multiplicative unitary over the basis A^, with respect 
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to the representation a, and the anti-representations /3 and (3 (we shall write it is an 
(a, /3, /5)-pseudo-multiplicative unitary), if : 

(i) W intertwines a, (3, (3 in the following way : we have, for all X G : 

W{lp®^f3iX)) = {l^^^(3{X))W 
W0{X) 1) = 0{X) 1)W 

N 7V° 



W{l(,®^PiX)) = iPiX)^0^ 1)W 
(ii) The operator W satisfies : 



'13 

N jv° 



N° N° ' N N ^ 

Here, cr^'^^ goes from {H H) H to {H p®oL H) H, and ly-, f3®a 0-^° goes from 

I/O V U yO N 

H p®a {H H) to H H ^®o. H. 

V yO V y 

All the properties supposed in (i) allow us to write such a formula, which will be called 
the "pentagonal relation". 

One should note that this definition is different from the definition introduced in [EV] 
(and repeated afterwards). It is in fact the same formula, the new writing : 

N N 

is here replacing the rather akward writing : 

[CTyO Q,®^ 

W)a2y{l^l3®a Oyo) 

but denotes the same operator, and we suggest the reader to convince himself of this easy 
fact. 

If we start from another normal semi-finite faithful weight u' on A^, we may define, using 

/ y O yf y 

2.3, another unitary W = ^^/3a from S) ^ onto Sj ^- The formulae 

which link these isomorphims between relative product Hilbert spaces and the relative 
flips allow us to check that this operator is also pseudo-multiplicative; which can be 
resumed in saying that a pseudo-multiplicative unitary does not depend on the choice of 
the weight on A^. 

If W is an (a, /3, /3)-pseudo-multiplicative unitary, then the unitary ayW*Oy from p®oi^ 

V 

to f) a® S3 ^ is an (a, /3, /3)-pseudo-multiplicative unitary, called the dual of W . 

u° 

3.3. Algebras and Hopf-bimodules associated to a pseudo-multiplicative uni- 
tary. For ^2 in DlaSj,^), 772 in D(i3^, i/°), the operator {p'^f)*W p'^^°' will be written 
{id * uj^^,^)^^)'^ ^6 have, therefore, for all ^1, ?7i in : 

{{zd* ){W)ii\r]i) = {W{C,i f}®a 6)1^1 a®0 V2) 

V yO 
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and, using the intertwining property of W with (3, we easily get that {id * ^^^2,v2)i^) 

belongs to /3(iV)'. 

If X belongs to A^, we have : 

{id * uj^^^r,2){W)a{x) = {id * u;52,a(x*),,2)(^) 

P{x){ld*U;^,,r,2){W) = (^C?*^/3(.)6,^J(W") 

We shall write the weak closure of the linear span of these operators, which are 

right a(iV)-modules and left /5(A^)-modules. Applying ([E3] 3.6), we get that Aw{W) 
and Aw{W)* are non-degenerate algebras (one should note that the notations of ([K:>]) 
had been changed in order to fit with Lesieur's notations). We shall write j^(I^) the von 
Neumann algebra generated by Ayj{W) . We then have yi(iy) C P{N)'. 
For ^1 in D(^^,i^°), rji in D{aS^,h'), we shall write {uJ^^^^rn * id){W) for the operator 
{X^fyWX^^"] we have, therefore, for all .^25 in : 

{{Uj^.^r,^ * ld){W)^2\V2) = {W{^^ f30a 6)lm a^f^ V2) 

and, using the intertwining property of W with /5, we easily get that (u;^i,r,i * id){W^ 
belongs to (i{N)' . 

We shall write A^(iy) the weak closure of the linear span of these operators. It is clear 
that this weakly closed subspace is a non degenerate algebra; following ([EA ] 6.1 and 

6.5), we shall write yi(iy) the von Neumann algebra generated by A^{yV\ We then have 

In ([EV] 6.3 and 6.5), using the pentagonal equation, we got that (A^, yL(iy), a, /3, F), and 
(A^, yi(H^), a, /3, F) are Hopf-bimodules, where F and F are defined, for any x in yi(Vr) 
and y in A{W^^ by : 

F(x) = W\\^®'^ x)W 

N° 

f{y)=ayoW{yf,(^o. l)W*a, 

N 

(Here also, we have changed the notations of [EV], in order to fit with Lesieur's notations). 
In ([EV] 6.1(iv)), we had obtained that x in Cj{S^) belongs to A{Wy if and only if x 
belongs to a{N)' fl (3{N)' and verifies {x l)Vr = W{x !)• We obtain the same 

way that y in ii{S)) belongs to A(W) if and only if y belongs to a{N)' nl3{N)' and verifies 
{la®p y)w = W{lp®^ y). 

No N 

Moreover, we get that a{N) gAHA, (3{N) C A, (3{N) C A, and, for all x in A^ : 



V{a{x)) 


= a{x) 


I3®a 1 






N 


T{(5{x)) 


= 1/3® 


a P{x) 




N 




V{a{x)) 


= a{x) 


0®a 1 






N 


f(/3(x)) 




•a P{x) 



N 
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3.4. Fundamental example. Let S be a measured groupoid; let's use all notations 
introduced in 3.1. Let us note : 

Sr,r = {(x^y) e S^r(x) =r{y)} 

Then, it has been shown [Val2] that the formula W^g/(x,y) = f{x,x~'^y), where x, y are 
in S, such that r{y) = r(x), and / belongs to (with respect to an appropriate 

measure, constructed from A" and z/), is a unitary from to (with respect 

also to another appropriate measure, constructed from A'' and u). 

Let us define rg and sg from L°°{S^°\u) to L°°(S,/i) (and then considered as represen- 
tations on £(L^(S, /i)), for any / in L°°(S*-°-', i^), by rg(/) = f or and Sg(/) = f o s. 
We shall identify ([^ 3], 3.2.2) the Hilbert space L^(S''^'*) with the relative Hilbert tensor 
product L^{9, yu) S3®rg L'^{9, /^), and the Hilbert space L^(Srr) with the relative Hilbert 

L°°(g(o),!/) 

tensor product L^(S,/i) rg®rg -^^(S,/^)- Moreover, the unitary can be then inter- 

preted [Val3] as a pseudo-multiplicative unitary over the basis L'^{S^^\i'), with respect 
to the representation rg, and anti-representations sg and rg (as here the basis is abelian, 
the notions of representation and anti-representations are the same, and the commutation 
property is fulfilled). So, we get that Wg is a (rg,sg,rg) pseudo-multiphcative unitary. 
Let us take the notations of 3.3; the von Neumann algebra yi(Vrg) is equal to the von 
Neumann algebra L°°(S, z/) ([Val3], 3.2.6 and 3.2.7); using ([Val3] 3.1.1), we get that 
the Hopf-bimodule homomorphism F defined on L°°(S,/x) by Wq is equal to the usual 
Hopf-bimodule homomorphism Fg studied in [Val2], and recalled in 3.1. Moreover, the 

von Neumann algebra yi(Vrg) is equal to the von Neumann algebra 'C(S) ([Val3], 3.2.6 
and 3.2.7); using ([Val3] 3.1.1), we get that the Hopf-bimodule homomorphism F defined 
on 'C(S) by Wt^ is the usual Hopf-bimodule homomorphism Fg studied in [\o] and [Val2]. 
Let us suppose now that the groupoid S is locally compact in the sense of [Rl]; it has 
been proved in ([E3] 4.8) that W^g satisfies a strong condition of regularity, called "norm 
regularity" . 

3.5. Definitions ([LI], [L2]). Let {N, M, a, P,T) be a Hopf-bimodule, as defined in 3.1; 
a normal, semi-finite, faithful operator valued weight T from M to a{N) is said to be 
left- invariant if, for all x G dJt^, we have : 

(zd^*,T)F(x) =T(x)^®„l 

N N 

or, equivalently (2.5), if we write $ = z/ o a^^ o T : 

{idi3*a^)T{x) =T{x) 

N 

A normal, semi- finite, faithful operator- valued weight T' from M to I3{N) will be said to 
be right-invariant if it is left-invariant with respect to the symmetrized Hopf-bimodule, 
i.e., if, for all x G 3Jt^,, we have : 

{T p*^id)T{x) = lp®a T\x) 

N N 

or, equivalently, if we write = v o j3~^ o T' : 

(^^*, zd)T{x)=T'{x) 

N 
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3.6. Theorem([Ll], [L2]). Let {N, M,a, P,T) be a Hopf-bimodule, as defined in 3.1, 
and let T he a left-invariant normal, semi-finite, faithful operator valued weight from M 
to a{N); let us choose a normal, semi-finite, faithful weight v on N, and let us write 
^ = u o o T, which is a normal, semi- finite, faithful weight on M; let us write Hi^, 
J$, A$ for the canonical objects of the Tomita- Takes aki theory associated to the weight 
$, and let us define, for x in N, (3{x) = J^a{x*)J^. 

(i) There exists an unique isometry U from to Hq, ^®q, such that, for 

any {P^u")- orthogonal basis {C,i)i£i of {Hi^)p, for any a in D^y fl DT$ and for any v in 
D{{H^)l3,iy°), we have 

U{v A$(a)) = ^<^{{uJv,i, i3*aid){T{a))) 

(a) Let us suppose there exists a right-invariant normal, semi-finite, faithful operator 
valued weight T' from M to (3{N); then this isometry is a unitary, and W = U* is an 
(a, (3, (3) -pseudo-multiplicative unitary from Hq, p®^ Hi^ to which verifies, for 

any x, yi, y2 in 01^ H 9^$ : 

N 

Clearly, the pseudo-multplicative unitary W does not depend upon the choice of the right- 
invariant operator- valued weight T' , and, for any y in M, we have : 

V{y) = W*{l^®^ y)W 

N° 

Proof. This is [L2] 3.51 and 3.52. □ 

3.7. Definitions. Let us take the notations of 3.6; let us write ^ = v o j3~^ o T' . We 
shall say that v is relatively invariant with respect to T and T' if the two modular 
automorphism groups associated to the two weights $ and \& commute; we then write 
down: 

Definition 

A measured quantum groupoid is an octuplet = (A^, M, a, /5, F, T, T', v) such that : 

(i) (iV, M, a, /5, r) is a Hopf-bimodule, as defined in 3.1, 

(ii) T is a left-invariant normal, semi-finite, faithful operator valued weight T from M to 
a(A^), as defined in 3.5, 

(iii) T' is a right-invariant normal, semi-finite, faithful operator-valued weight T' from M 
to (3{N), as defined in 3.5, 

(iv) u is normal semi-finite faithful weight on A^, which is relatively invariant with respect 
to T and T'. 

Remark These axioms are not Lesieur's axioms, given in ([L2], 4.1). The equivalence of 
these axioms with Lesieur's axioms had been written down in [E6], and is recalled in the 
appendix (B.8). 

3.8. Theorem ([L2], [E6]). Let (3 = {N, M,a, f3,r,T,T',u) be a measured quantum 
groupoid in the sense of 3. 7. Let us write $ = z/ o o T, which is a normal, semi-finite 
faithful weight on M. Then 
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(i) there exists a *-antiautomorphism R on M, such that = id, R{a{n)) = (3{n) for 
all n & N , and 

T oR = qj^o{Rp*^R)T 

N 

R will he called the coinverse; 

(a) there exists a one-parameter group Tt of automorphisms of M, such that RoTt = TtoR 
for all t eR, and, for all t e R and n e N, Tt{a{n)) = a{at{n)), Tt{f3{n)) = f]{at{n)) 
and : 

N 

Toaf = {n p*^ af)T 

N 

Tt will he called the scaling group; 

(Hi) the weight v is relatively invariant with respect to T and RTR; moreover, R and Tt 
are still the co-inverse and the scaling group of this new measured quantum groupoid, we 
shall denote 

= (iV, M, a, p, r, T, RTR, u) 

(iv) for any ^, rj in D{aH^, u) fl D{{H^)^, u°), {id * uj^^j^){W) helongs to D{Ti/2), and, if 
we define S = i?r_j/2, we have : 

S{{id * uji^,r,){W)) = {id * ujrj,^){Wy 

More generally, for any x in D{S) = D{T_i/2), we get that S{x)* helongs to D{S) and 
S{S{x)*)* = x; S will he called the antipod of (3 (or and, therefore, the co-inverse 
and the scaling group, given hy polar decomposition of the antipod, rely only upon the 
pseudo-multiplicative W. 

(v) there exists a one-parameter group 7t of automorphisms of N such that, for allt & 
and n & N , we have : 

af{P{n)) = P{^t{n)) 

Moreover, we get that z/ o 7^ = z/. 

(vi) there exists a positive non-singular operator A affiliated to Z{M), and a positive non 
singular operator 6 affiliated to M, such that : 

(D$ o R : D<!>)t = A'*'/^^^* 

and, therefore, we have : 

(D$ o °« : D^)t = A*'* 
The operator A will he called the scaling operator, and there exists a positive non-singular 
operator q affiliated to N such that A = a{q) = (3{q). We have R{X) = A. 
The operator 6 will he called the modulus; we have R{S) = 6~^, and Tt{6) = 6, for all 
t G M, and we can define a one-parameter group of unitaries 6^^f3^aS^^ which acts naturally 

N 

on elementary tensor products, which verifies, for alltER : 

N 

(vii) we have {D^ o Tt : -D$)s = A"*'^*, which leads to define a one-parameter group of 
unitaries hy, for any x G 9^$ / 

P'*A$(x) = A*/2A$(n(x)) 
Moreover, for any y in M, we get : 

Tt{y) = P^'yP-'' 
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and it is possible to define one parameter groups of unitaries P** ^®q, P** and P** -P** 

N 7V° 

such that : 

N NO 

Moreover, for all v e D{p-^/^), w e D{P^/^), p, q in D{aH^,v) fl D{{H^)^,u''), we 
have: 

iW*{v^®^ g)k/3®aP) = {W{p-^/\ J^p)\P^/^w J<^q) 

yO V V yO 

We shall say that the pseudo-multiplicative unitary W is "manageable" , with "managing 
operator" P, which implies it is weakly regular in the sense of [E3], which implies 

(with the notations of 3.3) that A^iyV) = A{W) = M and AAW) = A(W) = M 
As Tt o af = af o Tt, we get that J,^PJ^ = P. 

Proof. Result (i) is A. 6, result (ii) is A. 5, result (iii) is B.7(iv) and A. 8; result (iv) is A. 9, 
result (v) is B.2 and B.7(iii); result (vi) is given by 2.6 and (iii), B.7(iv), (v), and, using 
B.8, [L2], 5.6 and 5.20; result (vii), using B.8, is [L2] 7.3. □ 

3.9. Notations. We shall use the notations of 2.6 about Vaes' Radon-Nykodym theorem 
for the weights $ and $oP. Let A be the scaling operator of $oP with respect to $, and 
6 be the modulus of $ o P with respect to $, defined in 3.8(vi). Then, the self-adjoint 
elements e„ of M defined in 2.6 verify P(e„) = e„. 

If x G M is such that xS^^^ is bounded and its closure x5^/^ belongs to then x belongs 
to 91$oR (2.6), and, then R{x*) belongs to In particular, if x G then xCn belongs 
to 91$ n 91$oi?, (and P(x*)e„ belongs also to Olii, fl 91$o/?), and lim„ A<i,(xe„) = A$(x). 

3.10. Theorem ([L2]). Let (S = (A^, M, a, /3, F, T, T', u) be a measured quantum groupoid 
in the sense of 3.7. Let 7 be the subset of Tlx H ^rtr H 91$ fl 91$ofl made of elements 
X which are analytic with respect to both $ and $ o P, and such that, for all z, z' in C, 
cr* o (T*°^(x) belongs to DIt fl '^btr H n 91$ofl- -^ei E be the linear subspace generated 
by the elements of the form e„x, where Cn had been defined in 3.9, and x G T, and let us 
denote £ the linear subspace J<i)A$(P). Let us denote M"'^ the subspace of M^, spanned 
by the positive elements uj in such that there exists k G M"*" such that uj oa <kv and 
uj o j3 <kv. Then : 

(i) 7 and E are dense in M; A<j,(T) and £ are dense in Hq,. As 

we get that D^aH^.i') fl D{{H^)p,h'°) is dense in H^; therefore M°'^ is dense in M*. 
Moreover, ifr), r]' are in E, then < ri,ri' >a,u o-nd < rj^rj' >f3^yo are analytic with respect 
to both a\ and ■jf 

(ii) If oJi, ijJi are in Mf'^, let us define Uiuj2 = (cui i3*a ^^2)^- If ^ ^ M^'^ and x G M, 

let us define u!*{x) = lj{R{x*)); with such product and involution, M"'^ is an involutive 
algebra, and we can define a faithful representation of this involutive algebra by : 

TX{UJ) = {uJ*id){W) 

Let M be the weak closure of the algebra generated (which is a von Neumann algebra, 
by 3.8 (vii) ) and is included in /3{N)' . More generally, for any v in Di^aHipi^); w in 
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D{{Hq,)p,u°), let us write TiioJ^^w) = {i^v,w * 'id){W); then n^Uv^w) belongs to M. If, 
moreover, v belongs also to D{{Hq,)f3, we have, for all x G ; 

A<i,(u;^,t, /3*Q id)T{x)) = 7r(a;„_^)*A<i,(a;) 

N 

(in) If y is in M, let us define : 

N 

with these notations, (A^, M, a, /3, F) is a Hopf-bimodule. 

(iv) there exists a unique *-anti-homomorphism R of M, such that Rti{u}) = 7r{uj o R), 
for all uj G M°'^. Moreover, we have R{y) = Jq,y*Jq, for all y G M , R{a{n)) = (3{n), for 
all n G N, and : 

foR = qj^o{R^*^R)f 

N 

and, therefore, R is a co-inverse of the Hopf-bimodule {N, M,a, (3,T). 

(v) let Iq, C M* be defined as : 

J$ = {cj G M,; 3k' G M+, \uj{x*)\ < /e'|| A$(x) || , Va; G m^} 

and, for any uj E I<s,, let a$(ct;) be the unique vector in such that, for all x G ^<s> : 

{aq>{uj)\Kq>{x)) = uj{x*) 

Then J$nM"'^ is a left ideal of M^'^ , and there exists a unique normal semifinite faithful 
weight $ on M, such that Ti{Iq, fl M"'^) is a core for Aj. Moreover, we may identify 
with Hij, in such a way that we have, for any uj G M"''^ fl /$ ; 

We have also, with the notations of 3. 9, for all x G and n G N ; 

J^K^ixCn) = A$(i?(x*)en5i/2) 
and, for any y e M, we get R{y) = J^y*J^. 

Moreover, there exists a unique left-invariant normal faithful semi-finite operator-valued 
weight T from M to a{N) such that 

$ = o o T 

(vi) the octuplet {N, M, a, /3, F, T, i? o T o i?, u) is a measured quantum groupoid, denoted 
by (& and called the dual of (3 (or of&_). 

(vii) The pseudo-multiplicative unitary W constructed from C5 is : 

W = a^W*a^ 

The scaling group ft of & is given, for all y G M, by : 

n{y) = P^'yP-'' 

The scaling operator X of (5 satifies X = X^^ . The managing operator PofWis equal to 
P. 

The modular operator Aj is equal to the closure of PJq>5~^ Jq>, and, therefore, for all 
X G M , we have : 

n{x) = AfxAj^* 
The automorphism group 7^ is equal to '-f^f 
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Proof. Result (i) is [L2] 6.7, result (ii) is [L2] 8.4,8.5, 3.18 and 8.1; result (iii) is [L2] 8.2, 
(iv) is [L2] 8.6, (v) is [L2] 8.7, 8.14, 8.18 and 8.28, and results (vi) and (vii) are [L2] 
8.24. □ 

3.11. Theorem ([L2]). Let (3 = {N, M, a, F, T, T', u) be a measured quantum groupoid 
in the sense of 3.7, C5 its dual in the sense of 3.10; then : 

(i) the hidual C5 is equal to 0; 

(ii) the modulus 5 is equal to the closure of J^6 J^S~^ A'^^ ; therefore, we have SA^ = 



SA^ . 

(iii) it is possible to define one-parameter groups of unitaries Aj^(X>a and A|q®^ AJ^ 

1/ yo 

and we have : 

iy(A| A^^) = (A| A^i)W 



V 



(iv) for all s, t in M, we have : 

A^A^ = X'^'A^A^ 

and we have J^J^ = A'/^J^J^. 

(v) we have the following "Heisenberg-type" relations : 

MnM = a{N) 
MnM' = f3{N) 
M'nM = p{N) 
M'nM' = a{N) 
where we put, for all n E N, a{n) = Ji^(3{n)* .Ji^ = J^P{n*)J^. 

Proof. Result (i) is [L2] 8.25, (ii) is [L2] 8.24 (iii); results (iii) and (iv) are [L2] 8.28, and 
(v) is [L2] 8.30. □ 

3.12. Theorem([L2]). Let & = [N, M,a, (3,r,T,T' ,u) be a measured quantum groupoid 
in the sense of 3.7, C5 its dual in the sense of 3.10. Then : 

(i) The octuplet {N°, M, /5, a, ^atoF, RTR, T, v°) is a measured quantum groupoid we shall 
write 0° and call the opposite measured quantum groupoid. We have (C5°)° = 0^. 

(ii) For any x in M, let us write j{x) = J$x*J$ the canonical *-anti-homomorphism 
from M onto M' and let us define then = (j j3*a j)T o j , = j o Ro j , T'^ = j oT o j . 

N 

The octuplet [N", M' , /3,a,r'^,T'^, R'^T^R'^, u") is a measured quantum groupoid we shall 
write &^ and call the commutant of 0. We have {&'^Y = 0. 

(iii) we have = 0*^° and this last measured quantum groupoid is isomorphic to via 
the isomorphism implemented by J<!,J^. 

(iv) We have &> = (0)^ and 0^ = (0)° 

(v) The pseudo-multiplicative unitaries W° and of (3° and 0^^ are given by : 

N° N° 

= (J$ J^)W{J^ J$) 

N" N° 
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where W° is a unitary from a®f3 onto and is a unitary from 

^(^0 onto Hq, H^. 

V° V 

Moreover, for any x G M, y G M, we have : 

N" 

f{y) = W\ys.®pl){Wr 

N° 

(vi) The pseudo-multplicative unitary W"^ of (3°'^ is given by : 

N° N 

and is a unitary from p®St onto 5,®^ H^. 

Let us denote J© the isomorphism between M and M' given, for x G M, by : 

'J&{x) = J^J^xJ^J^ 

Then J© is an isomorphism of measured quantum groupoids between <3 and (3°'^. 
Moreover, for any y G M' , we have : 

N 

Proof Result (i) is [L2] 17.8, (ii) is [L2] 17.10, (iii) and (iv) are [L2] 17.14; result (v) is 
[L2] 17.11, and (vi) is a straightforward corollary of the preceeding statements. □ 

3.13. Example. Let S be a measured groupoid; let's use all notations introduced in 3.1 
and 3.4. If / G L°°(S, let's consider the function on S*-"-*, ^-^ /g fdX^, which belongs 
to z/); the image of this function by the homomorphism rg is the function on 

S, 7 I— ^ Jgfdy^'^^; the application which sends / on this function can be considered as 
an operator-valued weight from L°°(S,/i) to rg(L°°(S*^°'', z/)) which is normal, semi-finite, 
faithful; by definition of the Haar system (A")„gg(o), it is left- invariant, in the sense of 3.5; 
we shall denote by Tg this operator-valued weight from L°°{S, /^) to rg(L°°(S''°\ i^))- If we 
write Xu for the image of A" under the inverse x ^ x~^ of the groupoid S, starting from 
the application which sends / to the function on S'-^^ defined hy u ^ Jg fdXu, we define a 
normal semifinite faithful operator- valued weight from L°°{5, jj) to Sg(L°°(S*^°'', i^)), which 
is right-invariant in the sense of 3.5, we shall denote by Tg ^\ 
We then get that : 

(L~(g Z/), L°°(g, /i), rg, Sg, Tg, Tg, T^"^\ Z/) 

is a measured quantum groupoid, we shall denote again S- 

It can be proved ([E5]) that any measured quantum groupoid, whose underlying von 
Neumann algebra is abelian, is of that type. 

The constructions obtained by applying 3.8 to this measured quantum groupoid are the 
following : the pseudo-multiplicative unitary is the operator Wc, defined in 3.4; the co- 
inverse is given by dualizing the inverse x 1— > x~^ of S to L°°(S,/i); the scaling group is 
trivial, and the co-inverse is equal to the antipod; the automorphism group 74 is trivial, 
the scaling operator A is 1, and the modulus 5 is the usual Radon-Nikodym derivative 
between and its image under the inverse x 1— > x"^ of S- 

The underlying Hopf bimodule of the dual S constructed in 3.10 is the symmetric Hopf- 
bimodule (L°°(gW, z^), £(3), rg, rg, I\;) constructed in [Y3] (3.1). 
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The constructions obtained by applying 3.12 are the following : (9)" is given by the 
opposite groupoid (in which we return the product, and exchange source and range ap- 
plications). As L°°(S,/i) is abelian, we have clearly {^Y = S. 

3.14. Example. Let G = (M, r,$,\E') be a locally compact quantum group, in the 
sense of Kustermanns and Vaes ([KVl], or, preferably, the von Neumann version given 
in [KV2]). Here M is a von Neumann algebra, F a coassociative coproduct M i— > M®M 
(where ® is the von Neumann tensor product), and $ (resp. is a left-invariant (resp. a 
right-invariant) normal semi- finite faithful weight on M"*". Then, thanks to ([KVl], prop. 
6.1), we see that : 

(C,M, id,id,T,^,^,uj) 

(where id is the canonical homomorphism from C into M, and u is the canonical state 
on C), is a measured quantum groupoid, we shall still denote by G. 
Conversely, it is clear that any measured quantum groupoid whose basis is equal to C 
is of that type. 

3.15. Theorem([EV], [E4] 8.2 and 8.3). Let Mq G Mi he a depth 2 inclusion ofa-finite 
von Neumann algebras, equipped with a regular (in the sense of 2.2) normal semi-finite 
faithful operator-valued weight Ti. Then : 

(i) there exists an application V from Mq fl M2 to 

(M^nMs),, * ,,(M^nM2) 
M^nMi 

such that (Mq fl Mi,Mq fl M2,id,ji,r) is a Hopf-bimodule, (where id means here the 
injection of fl Mi into Mq fl M2, and ji means here the restriction of ji to Mq fl Mi, 
considered then as an anti-representation of Mq fl Mi into Mq fl M2). Moreover, the 
anti- automorphism ji of Mq fl M2 is a co-inverse for this Hopf-bimodule structure, 
(a) Let us write T2 for the restriction 0/T2 to MQnM2 (which is semi- finite, by definition 
of the regularity of Ti(2.2)); we then get that T2 is a left-invariant operator-valued weight 
from Mq n M2 to Mq fl Mi, and, therefore, that ji o T2 o j\ is a right-invariant operator- 
valued weight from Mq fl M2 to M( n M2 . 

(Hi) Let us suppose moreover that there exists on Mq fl Mi a normal faithful semi-finite 
weight x invariant under the modular automorphism group ofTiand let X2 be the weight 
X o T2; the modular automorphism groups cx^^ and cr}^"^ commute. 

Therefore, (Mq flMi, Mq fl M2, ji, F, T2, ji 0T2 o ji, ;\;) is a measured quantum groupoid 
(J5i in the sense of 3.7. 

Moreover, the inclusion Mi C M2 satisfies the same hypothesis, and leads to another 

o 

measured quantum groupoid 02? which is isomorphic to C5i . 

Let us describe how the coproduct F is constructed : let tpQ be a normal semi-finite 
faithful weight on Mq, tpi = tpQ o Ti the normal semi-finite faithful weight constructed 
then on Mi, ip2 = '^1° T2 the normal semi- finite faithful weight constructed then on M2; 
let X be a normal semi-finite faithful weight on MqHMi, X2 = X0T2 the normal semi-finite 
faithful weight constructed then on Mq fl M2. 

Then, the application defined, for x G fl 91^2 y G by : 

U{A^^{x) (g);^ A^i(y)) = Ai,2{xy) 
is a unitary from H^^ 0^ H^,^ onto if^j ([EV], 4.2 and 4.6). 

Moreover, using th fact that the inclusion Mq C M2 C M4 is standard ([EN], 4.5), we get 
([EV],4.6) : 

[/*[M^ n M4 n (M^ n M2)']f/ = n^.M n M2)' *M^nAh K n M2 
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and, on the other hand, composing the mirrorings (with the notations of (2.2)), we get 
that : 

j2 o jiM ^ M2) = M2 n M4 c Mg n M4 n (Mq n M2)' 

and, therefore, x ^ U*j2 ° ji{x)U is an injective *-homomorphism from Mq fl M2 into 
7r^2(M^ n M2)' *M^nAfi n M2. 

On the other hand, using U, it is possible to define a pseudo-multiphcative unitary 
W ([E\ ], 5.3), which leads to a coproduct T on vr^^jl^o ^2)' by the formula {y G 
vr^,(M^nM2)') : 

r(|/) = W(y®^l)W* 
and we have ([E4], 5.1), for all x G Mq n M2 : 

W*{tt^^{x) ®^ 1)W = <.M'^nNhiid *M[,nM^ n^^){U* 32 o ii{x)U) 

which shows that, if we write W = {Jx2J ®x ^)^x°"^^x°i--^ ®x -'-) (where J is the 
standard implementation of ji|M^nM2 011 H^^), or, equivalently W = W^, we obtain a 
coproduct r on Mq fl M2 which satisfies 

f(x) = W^*(l x)l^ = (Jx^-/ ®x I)f/*J2 o ji(x)f/(JJ^, ®x 1) 
(in which, for simplification, we have identified Mq fl M2 with ti^^^Mq fl M2).) 

4. Left invariance revisited 

In the definition of a left-invariant operator-valued weight, recalled in 3.5, we have, for 
any x G 93Ty, {id fi*aT)T{x) = T{x) /jCSa 1 (or, equivalently, T(x) = {id i3*a^)T{x), where 

u N V 

$ = z/ o ° T). In this chapter, we extend this formula to any positive x in M, and 
even, any positive x in a fiber product Cj{Sj) f,*^ M, where 6 is a faithful antireprentation 

TV 

of on ^ (4.12(i) and (ii)). On our way, we prove a Plancherel-like theorem (4.8), 
which extends the construction of the dual left-invariant operator-valued weight recalled 
in 3.10(iv). The result 4.12(ii) will be used in 6.12, and I am indebted to S. Vaes who 
pointed in [V2] how this kind of result was necessary in order to get correct proofs. 

4.1. Definitions and notations. Let iV be a von Neumann algebra, ip a normal semi- 
finite faithful weight on A^; following ([ES2], 2.1.6), we define, for all u G : 

||u;||^ = sup{|c<j(x*)|, X G ^^,ip{x*x) < 1} 

and = {uj E M^, ||u;||^ < 00}. Then u G M^, belongs to if and only if there exists a 
vector a^{uj) in such that : 

uj{x*) = {a^{Lj)\A^{x)) 

and we have then ||a^(u;)|| = Hcj-'II^. Moreover, the application a here defined is clearly 
linear from into H^, and, being semi-finite, injective. 

Let us identify and 7t^{N)] then, any element u G M* is of the form uj^.^, where 
^, rj belong to H^. For any rj in H^, let us define the following operator vr'(?7), with 
D(7r'(?7)) = A^(9T^), and, for any x G DT^, by 7r'(?7)A^(x) = xr]. We then easily get that 
uj^-ri belongs to if and only if ^ belongs to D(7r'(?7)*), and we have then : 

Let us write K^^ = T>{7i'{ri)*); then {t^' {f])*) \Kr, is a densely defined operator from K^j into 
H^, and we may consider {{'^'{f])*)\Krj)*{'^'{v)*)\Kn which is a positive self-adjoint operator 
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on Kr^] we shall write, for simplicity, for ((vr'(?7)*)|x^)*(7r'(?7)*)|x^ + oo(l — PKr,): which 
belongs to the positive extension of A^'. We have then, for any ^, 77 in : 

\\^i,v\\i' =< "^v^^a > 

4.2. Lemma. Let (5 = {N, M,a, (3,T,T,T' ,u) be a measured quantum groupoid; & its 
dual measured quantum groupoid; let u, v in such that uju^^ belongs to /$, and let e„ 
the self-adjoint elements introduced in 3.9. Then, we have, for all x G 9^$ ; 

{J^ai^{uJu,i)\P^<i>{xen)) = {R{x*)en6'^/^v\u) 

where e„(5^/2 is the closure of the bounded operator CnS^^"^ . 

If V belongs to D{6^/'^) and uju,v belongs to /$ (for instance, ifvGE,, and any u E Hi^), 
we have : 

(J5a$(u;„,„)|A<i,(x)) = {R{x*)6^/'^v\u) =< x*,u;si/2^^u °R> 
and, therefore, i^s'^/^v,u ° belongs to and a^{ujgi/2^,^ o R) = J^acs,{uju,v) ■ 
Proof. We have, using 3.10(v), 3.9 and 4.1 : 

(-^$a$(t^„,„)|A$(xe„)) = {J^A^{xen)\a<s,{uJu,^)) 

= {A^{R{x*)ejy^))Mu^,,)) 
= {R{x*)Jj^v\u) 

which is the first result. The second result is clear by continuity. □ 

4.3. Lemma. Let = (A^, M, a, /3, F, T, T', u) be a measured quantum groupoid; let £ be 
the subspace introduced in 3.10; then : 

(i) £ c G D{^H^, u) n D(5V2), 51/2^ e D{{H^)p, u")] 
(tt) £ C {e G D{{H^)p, z/°) n 51/2^ e D{^H^, u)} 

Proof. Let us recall that £ is the linear subspace generated by all the elements of the 
form J$A$(e„x), where the self-adjoint elements e„ had been introduced in 2.6, and x 
belongs to the subset T of elements in fl ^rtr H D1<i, fl 9T<i.oi?, which are analytic with 
respect both to $ and $ o i?, and such that, for any z, z' and C, erf o cr*°^(x) belongs to 
n ^RTR n 9^$ n DT^ok- Using then the identifications made in 2.6, we have : 

J$A$(e„x) = 5"^^^ J<i.o_RA$ojj(e„x) 

and, therefore, J$A$(e„a;) belongs to D{5^/'^) and 5^/^ J$A<j,(e„a;) = J<i>oRAi^oR{^nX) which 
belongs to D{[H^)i3, z/°). So we have (i). 

On the other hand, for all t G M, as 6~^xS* C a^i^af^°^{x) is bounded, we get that 
enx6^ C e„(5*5~*x5* is bounded also, and belongs to and that : 

J<i,A$(e„x5*) = 5*J$A$(A"**/^e„x) 

So, 5* J(i,A$(e„x) = J$A$(A"**/^e„x5*) which belongs to D^aH^,^). So, we get (ii). □ 

4.4. Definitions and lemma. Let (25 = {N, M,a, PjTjTjT',!/) be a measured quantum 
groupoid; let T and £ be the subspaces introduced in 3.10; let us define 7r as the subspace 
of 7 made of elements which are analytic with respect to Tt, and such that, for any 2 G C, 
Tz{x) belongs to 7, and £^ as the linear subspace of £ generated by the elements of the 
form J$A$(e„x), where the self-adjoint elements e„ had been introduced in 2.6, and x 
belongs to the subset 7r. Then : 

(i) Er is dense in H<^; moreover, for any ^ in D{aH<i,, u), there exists in £r such that 
R°''^{^n) weakly converges to R^'^{S,). 
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(in) for all s, t in M, ^ G 8,^, ^ belongs to D((5A|,)*), and {SA^Y^ belongs to £t-; 
moreover, C, belongs also to D{P^5'^), and P*5*^ belongs to 8.r- 

(iv) let us define 6^ the linear subspace associated to the dual measured quantum groupoid 
e. Then : 

Proof. There exists an invertible positive operator q affiliated to Z{N) such that A = 
a{q) = /5(g) (3.8(vi)). Let us write q = fide^, and let fr = J^^de^i. 

Let X G T; as the automorphisms groups Tf, af and o"f °^ are two by two commuting, we 
can check that, for any x G T, the operators : 




belong to 7ri the strong limit limn,rXn,r = x, and limn,r^^{xn,r) = A<j,(x). From which 
we get that is dense in £, and, therefore, in Hq,; moreover, as we can prove that all 
the operators T{x*^.^e^Xn,r) are uniformly bounded, we get also that J<i,A$(epX„,r)) 
is strongly converging to J$A$(epa;)), from which we get (i). 
Let now x be in T^. Then, using 3.11(ii), we get that : 

5^/V$A$(e„x) = p-i/V$(5^/V$5"^/2^~'/'j$A$(e„x) 

= p-i/2A'/V^A^(a_,/2(e„)a!°f2(a^)) 

= Y/V$A$(a_.,/2(e„)r_,/2(a!°f2(a^))) 

We get also that J$(5"^/^ J<i,A$(e„x) = A"*''^ J$A$(cr_j/2ri/2a'jy2^(x*)e„), which belongs to 

D{aHis,,iy), and, therefore, ^^''^ J$A$(e„x) belongs to D{{H,^)i^^iy°), which is (ii). 
If X belongs to 7r, and t G M, we get that : 

P*J<i,A$(e„x) = J$(A-*/2e„r„it(x)) G £^ 

and, using 3.8(vii) : 

{SA^yj^Uicnx) = J$A$(A-^*e„a* ,a*°«r_,i(x)) 

and, therefore, £^ C D{{6A^y), and {SA^Y^r C £^ 
Moreover, we have also : 

6'J^A^{enx) = J$A<i,(A"*''/^e„x5^) G £^ 

from which we get (iii). 

If we consider now the dual measured quantum groupoid and the linear subset £f 
associated with, we get, using (iii), that 5^/^£f C D{{Hcs,)/3, u"), which is (iv). □ 

4.5. Proposition. Let (3 = {N, M,a, PjTjTjT',!/) be a measured quantum groupoid in 
the sense of 3.7, C5° the opposite measured quantum groupoid in the sense of 3.12(i), rj in 
D(aHii,, u)nD(S^/'^) such that belongs to D({H^)p, u°), (ciji^j an (a, u)-orthonormal 
basis of H^; then, for all x G ^ G D{aH^,p) , {id f3*a uj^^^)r{x) belongs to 91$, and 

N 

the pseudo-multiplicative W° satisfies : 
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N 



^|i^(^j£?,Js5i/2^)V5A$(x) 



Ifu belongs to D[[H^)0^ u") and v belongs to D{aH^, u) n!D((5^/^) such that b^l'^v belongs 
to D{{H,s,)i3, z/°) , we get that {id /^*a ^51/2^^^ o R)T{x) belongs to 9^$, and : 

N 

N 

Proof. Let's apply the definition of W* (3.6) to tlie measured quantum groupoid 0°, witli 
tfie identification made in 3.9 of A$(xe„) with A<j>oR(xe„5~^/^) (where e„ has been defined 
in 2.6) : 

iy°(A$(xe„) A®/3 ^^^^ri) = ^ A^[{id p*o, u;,,,ejr(xe„)] ei 

from which we get : 

A$[((irf/3*a u;r,,?)r(xe„)] = {id* Usi/2^^^){W°)K^{xen) 

N 

As A$ is cr-strong *-norm closed, we get that {id p*a ^r,,i)^{x) belongs to and that : 

N 

K^[{{id p*o.uJr^^{)V{x)] = (zrf* 0751/2^^5) (l^°)A$(x) 

N 

Now, we get easily the first formula. The second equality is just an application of 3.10(ii) 
and 3.12(v). Then, writing u = J^S^^'^r], and v = Jj^, and using 3.10(v) and 3.8(vi), we 
get the last formula. □ 

4.6. Proposition. Let & = {N, M,a, f3,T,T,T\iy) be a measured quantum groupoid; 
its dual measured quantum groupoid; let ^ in D{{Hq>)i3, -q in D{aH^, u) such that lj^^^i 
belongs to J$; then, the operator fc{ijj^^ri) belongs to D^j, and we have then : 

A$(vr(a;5,^)) = a{uji:^^) 

Proof. Let ^ G D{aHq,, u) \^D{{Hq>)p, u"), rj G D{aHi^, u) such that uj^^r^ belongs to let 
u G D{aH^, u), V G D((5^/^) such that S^^'^v is in D{{Hi^)p, v) and uJu,v is in /$; we have 
then, for any x G 9^$, using successively 3.10(ii), 4.2 and 4.5 : 

{TT{uj^^^)J:^aq,{uu,v)\A,i,{x)) = (J|,a$(u;„,^,)|:n-(t^5.;,)*A$(x)) 

= {J^aq>{uju,v) |A$((u;^,5 id)T{x)) 

N 

= {a^{uJsi/2^^^ o R)\Aq>{{uJn,^ p*^ id)T{x)) 

N 

= < [{i^r,,( /3*a id)T{x)]*, UJs-^/^v,u °R> 
N 

= < {uj^^rj /3*a id)T{x*), u;si/2^^^ oR> 

N 

= < [{id f3*a ^u,5^/^v ° ^)r(x)]*, UJ^^^ > 
N 

= {a^{uj^^n)\-^'S>{{id t3*a ^^u,s^/^v ° ^)r(a;)) 

N 

= {a^{uj(.^n)\J^TT{uJu,vyj$Aq>{x)) 
= {J^Tt{uJu,v)J$a,^{uj^^r,)\A,^{x)) 
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From which we get, by density : 

Let us take v = J$A$(e„x), with e„ defined in 3.9 and x G T (3.10). Then, this formula 
gives : 

which, by continuity, gives, for any u G D{aH<s>, u), v G J$A<j,(Dl<j,) fl D{{H<i>)p, v°) : 

Let us suppose now that u, v belong to D^^H^, v) fl D{{H,j,)/s, u°) and are such that oju^^ 
belongs to /#; with the notations of 4.1, let us write : 

= I \de\ + {1 — p)oo 
Jo 

As uju^v belongs to we get that pu = u. Let us define = e^v which belongs to 
J^K^lm^) n D{{H^)p, v"). We have : 

/im^7r'(f^)*M = Ximn' {v)*e^u = 7r'{v)*pu = n'{v)*u = a,s>{uju,v) 
and we get also, for the weak limits : 

and, as p G M', we get for the weak limits : 

limf,TT{uJu,Vf,) = lim^{uJu,Vf, * id){W) = {uju,pv * id){W) = 

= {uJpu,v * id){W) = {uJu,v * id){W) = 7r{uJu,v) 

and, taking the limits of the equality : 
we get : 

for all u, V in D{aHq,, u) fl D{{Hi^)p, u°) and are such that uju,v belongs to therefore, 
by linearity, we get, for all u G Mf'^ fl that : 

By the closedness of TT'{ri)*j^ (4.1), this formula remains true for C, in D{{Hq,)fj, u°) such 
that u^^rj belongs to I<j,. From which we get that a(u;g^^) is left-bounded with respect to 
$, and the result, by standard arguments of Tomita-Takesaki's theory. □ 

4.7. Proposition. Let (& = {N, M,a^ (3,T ^T^T'^u) be a measured quantum groupoid; (25 
its dual measured quantum groupoid; let's take ^ in D((if$)^, z/°) and f] in D{aHi^,v), 
and let us suppose that 7r(u;^^^) belongs to OTj. Then u^^^) belongs to J$ and : 
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Proof. Let u, v be in D{aH<i,, u) fl -D((iJ$)^, u"); then the hnear form Uu,v on M defined, 
for y in M by (2!u,viy) = iyu\v) belongs to M^'^ (with the notations of 3.10(i) apphed to 
(S). Let us suppose that uJu,v belongs to Jj. Using 3.10(v) and (ii), applied to iS, we get : 

(a$(ci)„,t,)|A$(7r(u;^_^)) = <Tf{uj^^r,y,'^u,v> 

= {{uj^,n*id){Wyu\v) 

u° ^ 

V y° 

and, by linearity, we obtain, for all a) in M"'^ fl : 

But, by 3.10(v) applied to 0, and 3.11(i), we have a^{i2i) = A$(:n-(cj)), and, by 3.10(v) 

applied to (S and again 3.11(i), we know that the algebra fr{M"'^ ^ Jj) is a core for A$; 
so, by the closedness of A$, we get, for all x G 0^$ : 

(A|i(7r(u;5,^))|A$(x)) =< x*,uj^,n > 

from which we get that | < x*,uj^^rt > \ < II 11^0(^)11 5 that u^^rj belongs to 

Then, using 3.10(v), the proof is finished. □ 

4.8. Theorem. Let (5 = {N, M,a, (3,T,T,T' ,u) be a measured quantum groupoid; (5 its 
dual measured quantum groupoid; let's take in z/°) and rj in D[aH,j,, u); then, 
are equivalent : 

(i) TT{u^^ri) belongs to Dlj; 

(ii) cu^ jj belongs to li^. 

We have then K-^{tt{uj^.^)) = a^{uj^^r])- 

Proof. This is just 4.6 and 4.7. □ 

4.9. Proposition. Let (5 = {N, M,a., f^^T^T^T'^u) be a measured quantum groupoid; & 
its dual measured quantum groupoid; for any X G a{N)' , let us define : 

§(X) = {id ^{W\X s.®p l)Wn 

N y° 

Then : 

(i) S{X) belongs to the positive extended part of a^N)' , and, for any ^ G D{{H^)f^, 
rj G D{aH,s>, u), we have : 

(i) for all rj G D{aH^, u), we have : 

${9°'{J^J^r],J^J^ri)) = J^J^?rrJ<s>J^ 

(ii) S{X) belongs to the positive extended part of M. 

Proof. Using 3.12(v), we get that W* = (J$J$ 1)W{J^J^ 1); so, with the 

intertwining properties of W , we easily get that SiX) is an element of the extended 
positive part of d(A^)'. 
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Let us notice that JjJ^,^ belongs to D{{H^) j^,u°), and J^J-^t) to D{^H^,u). We then 
get that < §{9°'{J^J<s,r], J^J^r])),ujj^j^^ > is equal to : 

If it is finite, it is equal to ||Aj(-n"(a;^_^)|p = ||a$(a;^^^)|p = ||a;^^^|||, thanks to 4.8. If it is 
infinite, using 4.8 again, ||a;5,r;||$ also is infinite. So, in both cases, it is equal to ||a;^,r)|||, 
which is equal, using 4.1, to < T^,^;^ >, which finishes the proof of (i). Then (ii) (resp. 
(iii)) is a straightforward corollary of (i) (resp. (ii)). □ 

4.10. Proposition. Let (3 = {N, M,a, (3,r,T,T' ,u) be a measured quantum groupo-id; 
(3 its dual measured quantum groupoid. Let X be a positive element in M ; then, we have: 

{id $)f(X) = f{X) 

V 

Proof. Using 3.12(v), we get that : 

f{X) = W%Xa^^ 1)W'* 

N° 

and, therefore, with the notations of 4.9, {id ^)T{X) = S(-^). Using 4.9(iii), it 

belongs to the positive extended part of M, and, by construction, it belongs to the 
positive extended part of M. So, it belongs to the positive extended part of a{N). If u 
is a unitary in A^, we easily get that S{a{u*)Xa{u)) = a{u*)S{X)a{u) , and, therefore, 
the application X — * ^{X) is an operator- valued weight from M on a{N). It is clearly 
normal and faithful, and, as §{X) = T{X) for any X G we get it is also semi-finite, 

and that, for any positive X in M, we have §>{X) < T{X) 

Let us define $(X) = u o o S{X); we have $ < $, and these two weights are equal 
on Tlf] moreover, as, for alH G M, we have : 

N 

we get that Serf = f^S, and that $ is invariant under af, by 3.8(ii) applied to 0; therefore, 
we have $ = $, from which we deduce that S = T, which gives the result. □ 

4.11. Proposition. Let (5 = {N, M,a, (3,r,T,T' ,1/) be a measured quantum groupo-id; 
(5 its dual measured quantum groupoid, an Hilbert space with b a faithful normal anti- 
representation of N on Sj. Let X be a positive element in XL(^) M; then, we have: 

N 

{ldb*a id g*^ ^{idb*^V){X) = {ldh*a^){X) b®a 1 
N ^ 1^ N N N 

Proof Using 3. 12 (v), we get that, for X G ^(io) b*„ M : 

{td b*a f){x) = (1 w'){x i)(i b®a wy 

N N j^J N 

For any Y in L{S^ b®a -f^*)'*', commuting with 1 o:{N), let us write 

u N 

S{Y) = {id id $)[(1 W'){Y 1)(1 Wr] 

N \ N j^o^ N 
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which is an element of the positive extended part of L{S) H<^). 

V 

Let's take ^ in D{{9} Hii,)^^^^p,v°) and rj in b®a H^),u). Then, we get 

1/ JV N 1/ 

that < b[u [ri,T])),uj^ > is equal to : 

td){{l 5®„ iy^)(^''-""(r/, r/) 1)(1 1^^)*)] 



which can be written also : 



TV N 

Using now 3.12(v), we get that W^* = {J<s^J^ a®j3 ^)W{J^J^ 1) and, therefore, 
< S{9 ^ {r],r])),LJ^ > is equal to where : 



N N N° 

Let (ej)ig/ be a (6, i^'')-orthogonal basis of S^. Using ([E3], 2.3(ii)), there exist in 
D{{H^)l^, v°) and rji in D{^H^, u) such that : 

and we get that A = Xli"(< ei,ei >6,i/°)(t^j5j<i,6,J§J<i,r?, * id){W) because JjJ^^i belongs 

to D{{Hq,)p,v°), and J-^Jq.'^i belongs to D{aHi^,v)] so, < S'(6' ^ (77, 77)), cj^ > is equal 
to : 

If it is bounded, then so are, for alH G / : 

which implies (4.7) that, for all i E I, ^j^j^^i,j^j^rj, belongs to Iq,, and, therefore, using 
4.1, that J^Jip^i belongs to Diji' {J^Jq,rji)*)] moreover, we then get : 

< S{d N {r],r])),uj^> = \\^a{<ei,ei>b,uo)'n- iJ$J'S>r]i)*J$J'i>Ci\\ 

i 

= II V'ej 7r'(J5J<i,?7j)*J5J$^if 

u 

t 

By definition of the extended positive part, there exists a closed subspace K (Z 9) bCg>Q. 

u 

on which S{9 (77, 77)) is a positive self-adjoint operator, and it is 00 on the orthogonal 
of K. 

So, K = (BiKi, where the Ki are the closed orthogonal subspaces b®a J<i>J^Kj^ j^j^- 
(with the notations of 4.1). 

Let M be a unitary in M'\ we get that each Ki is invariant under 1 b®a u, and so, we get 

TV 
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that pk belongs to ^{S)) b*a M; as (1 b®Q, u)^ belongs to D{{Sj Hi^,)-. „ a, z/°), we get 

TV AT u N 

that : 

< S{9 (n,r])),uJu^> = II > TT (J5J$?7i)*J5J$<i|| 

u 

'I 

= II ej i?( J<i,M* J<i,)7r'( J$?7i)* JcE,^i||^ 

So, we get that (1 t,®a u*)S{6 (7^, r/))(l ^(g)^, is equal to ^ ^ (v^v) from which we 

N N 

get that S{9 ^ iVyV)) belongs to the positive extended part of i^{S^) b*a M. 

N 

Let {rjj)j(zj be an ((1 b®a a), t-') orthogonal basis of h®a Hq>; for any F G h®a Hq>)^ , 

N V V 

commuting with 1 b®a Ci{N). We have : 

N 



and, therefore : 



s{Y) = Y.s{e'''^-\Y^'\X'%)) 



from which we get that S{Y) belongs to the positive extended part of 'C(^) b*a M. 

N 

In particular, if X is a positive element in ^{Sj) b*a M; then 

N 

{id b*a id &*a ^){id b*a r)(X) = S{X) 

N \ N 

belongs to the positive extended part of ^(i?) b*a M. As, by definition, it belongs to the 

N 

positive extended part of XL(^) b*a M, we get that it belongs to the positive extended 

N 

part of ^{Sj) b*a o:{N), from which we get that there exists X' in the positive extended 

N 

part of b{N)' such that : 



{id b*a id g*a ^){id b*a r)(X) = X' b^a 1 

N '\ N N 

Let C be in D{S^b, V in D{^H^, v) n D{{H^)^, we get : 

<h{<ri,ri >o,,^)X', uj^> = {uj^: b*a ^^r, 0*a {id b*a r) {X) 

N ,, N 



{Ur, 0*a '^')r[(t^5 b*a 'id){X)] 



which, using 4.10, is equal to : 



<T{uJ^b*aid){X),UJr^> = {u^b*a^ri){idb*aT){X) 
N N N 

= <b{<r],r]>o,,^){idb*a^){X),uj^> 

V 

from which we infer that X' = {idb*a ^){^)^ which gives the result. □ 
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4.12. Theorem. Let <3 = {N, M ^a^ (3,T ^T,T' he a measured quantum groupoid; let 
be an Hilbert space with b a faithful normal anti-representation of N on Sj. Let X be 
a positive element in M, X a positive element in ^{Sj) b*a M; then : 

N 

(i) we have {id ,3* a T)r(X) = T{X) p®a 1; 

(a) we have {id b*a id fi*a T){id b*a r)(^) = {id b*a T){X) 1 

Proof. Let us apply 4.10 and 4.11 to the dual measured quantum groupoid (3 . □ 

5. COREPRESENTATIONS OF MEASURED QUANTUM GROUPOIDS 

In this chapter, we define corepresentations of measured quantum groupoids (5.1), and 
we prove a fundamental property of these with respect to the antipod 5* (5.10). 

5.1. Definition. Let (5 = {N, M,a, P,T,T,T', u) be a measured quantum groupoid; we 
shall use all the notations of chapter 3; let be a — A^-bimodule, i.e. an Hilbert space 
equipped with a normal faithful representation a of on ^ and a normal faithful anti- 
representation b on io, such that b{N) C a{Ny. Let now be a unitary from a®i3 

v° 

onto ^ b®a H<s>, satisfying all the following properties, for all x G : 

V 

V{b{x) a®ti\) = {lb®aP{x))V 
NO N 

V{la®pa{x)) = {a{x) b®al)V 

No N 

V{la®p^{x)) = {lb®am)V 
No N 

Thanks to these intertwining properties, the following operator has a meaning : 
(1 b®, W*){1 b^a cr,){V 1)(1 a,o){l W) 

N N N° N° N° 

and is a unitary from ^ a®ii {Hii> Hq,) onto b®a Hi^ p®a Hq,. Let us recall that the 

parenthesis in the first Hilbert space means that the antirepresentation /? is here acting 
on the second leg of p®a H^- Moreover, here, Oy is the fiip from ^(8)q, Hi^ onto 

a®0 and a^o is the fiip from ^(8)^ onto iJ$ 

yO V V° 

We may consider also the following unitary from ^a®/3(-f^4>/3®Q-ff$) onto fib®aii^p®aii^'- 

V° V ^° V 

{V b®« l)fTg(\/ ^®fi 1)(1 a®fi Oy) 
N ' N° N" 

Now, in that formula, ay is the fiip from p®^ onto q®/? H^, and cr^'^ is the fiip 

from (^ b®a H^) a®/3 onto {Sj a®/3 H^) b®)a H^. 

V yo yo V 

We shall say that is a corepresentation of on the bimodule if we have : 

(1 b®a W*){\ b®a (yv){y 1)(1 a®l3 (yyo){l W) 

N N N° N° N° 

= {V b®a l)c^6,f (^ a®t3 1)(1 a® (3 Oy) 

N ' N° N° 
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5.2. Theorem. Let C5 = {N, M,a, f3,r,T,T', u) be a measured quantum groupoid, and 
aS)b a N — N-bimodule; let V be a unitary from onto Sj satisfying all 

I/O V 

the following properties, for all x & N : 

N 

V{la0l3a{x)) = (a(x) b®al)V 

No N 

V{la®pP{x)) = {lb^^P{x))V 

No N 

Then, are equivalent : 

(i) V is a corepresentation of & on the bimodule a^b,' 

(a) for any C, G D{a^, u) and t] G D{Sjb, 1^°), the operator {uj^^rt *id){V) belongs to M and 
is such that : 

r((cu5,^ * id){V)) = {u^^r, * id * id)[{V l)cTjf 1)(1 a^p cr,)] 

N ' No No 

Proof. Let be a corepresentation on ^^6; let us take now a unitary u in M'; as we have 
then : 

{u*^®^ l)W{up0^ 1) = W 
it is easy to get, because is a unitary, that : 

(U®„ U*)V{\a®(i U) = V 

V yO 

from which we get, for any ^ G D{a^, ^) and rj G D{S)b, that the operator {LJ^^ri*'id)(y) 
belongs to M; from the definition of a corepresentation, we then get : 

r((cu5,^ * id){V)) = {uj^^r, * id * id)[{V (\/ 1)(1 a®p (T^)] 

N ' NO NO 

The converse is trivial. □ 

5.3. Corollary. Let <3 = {N, M,a, (5,r,T,T' ,1/) be a measured quantum groupoid, and 
aS)b be a N — N-bimodule; let V be unitary from Sj a®/3 onto b'^a Hi^; then, are 

I/O V 

equivalent : 

(i) V is a corepresentation of (5 on the N — N-bimodule a^b! 
(a) V* is a corepresentation of (5° on the N° — N°-bimodule b^Ja- 

Proof. Let us suppose that is a corepresentation of on the — 7V-bimodule a^b', 
then, for any ^ G D{a^, ^) and r] G D{S}b, the operator (a;^ * id)(y) belongs to M 
and we have : 

r{{u^^^*id){V)) = {uj^^rj*id*id)[{Vb^a a,)] 

N ' No No 

Therefore, taking the adjoint, we get : 

<^,r((u;^,5 * id){V*)) = * id * id)[{V* b^a 1)(1 a®/3 ^.)] 

No ' N No 

which gives, thanks to 5.2, that V* is a corepresentation of 0° on the N° — A^°-bimodule 
bS)a- The proof of the converse is the same, applied to C5°. □ 
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5.4. Proposition. Let <3 = {N, M,a, f3,r,T,T', u) be a measured quantum groupoid, 
and aSjb a N — N -himodule; let V he an isometry from S) a®i3 to H^, satisfying 

I/O 

all the following properties, for all x & N : 

V{h{x) a®pl) = {lb®aP{x))V 
No N 

= (a(x) b®al)V 
j\fo N 

ATo N 

and let us suppose that for any ^ G and rj G D^S^b,^"), that the operator 

{w^^ri * id){V) belongs to M and is such that : 

T{{uj^,^*id){V)) = {uj^,^ * id * id)[{V b®a a^)] 

then V is a unitary and a corepresentation of & on a^b- 
Proof. We easily have : 

(1 b®a a^oW*a^){V 1)(1 a®(} OyoWOy) = (1 b^a (ruo){V b®a l)(Tli{V c.®f3 1) 

N N N° N N ' NO 

Then, taking the adjoints, we get : 

(1 a^oW*a^){V* 1)(1 b®a (T^oWa^) = {V* a®p l)(^af 1)(1 6®a (Tv) 

N° N ^ N° ' N N 

and, by multiphcation, we get, because Q = VV* is a projection in ^{Sj) b*a M : 

N 

(1 b®a (JyoW*a^){Q 1)(1 a® 13 (^uoWa^) 

N N N° 

= (1 b^a (Tuo){V b®a /3®a ^)^li{V* a^fl 1)(1 a®/3 

N N ' N ' N° N° 

which can be written : 

(id b*a r)(g) = (V b0a l^biiQ p®a l^aliV* a®p 1) 

N ^ ' N ' N° 

from which we get that {idb*a r)(<5) = {Q (3®a 1)(^<^ b*a ^){Q)- 

N u N 

But, using 3.12(v), we know that {id b*a r)(Q) is equal to 

N 

(1 b®a a^Wa^YiQ &®/3 1)(1 b®a O^W°Oy) 

N N° ^ 

from which we infer that : 

(1 b^a a^W°a^y{Q a®f3 1) = {Q i3®a 1)(1 b®a a^W°a^)*{Q a®l3 1) 

N jv° N° ^ N° 

Let's take now G D{{H^)^, u°) and rj G D{aH^, z/), and let us apply {id * id* oj^^ri) to 
this last equality. We find : 

(1 b®a * id){wy)Q = g(i b®a * id){wy)Q 

N N 

and, by density, we get (1 b®a y)Q = Q(l b®a y)Q for all y G M', from which we get that 
Q belongs also to 'C(io) b*a M. 

N 

Therefore Q belongs to L{Sj) b*a a{N) = b{Ny b^a 1- So, let q G 6(iV)' such that 

N N 
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Q = q b<^a 1, and {id b*^ r)(Q) = q 1 1 

AT AT AT jv 

So, we get : 

{q b^a 1 1) = {V l)(g b®« 1 1)(^* a®/3 1) 

N N N N N 7V° 

and, taking the adjoints, we get : 

(V* p(g)a l)(g b^a 1 /3®a a®/3 1) = fe®a 1 /3®a 1) 

N N N NO N N 

but, as, by definition of q, we liave (g 1 /3®a a®/3 1) = ^ 1, and, as V is an 

N N N° N° 

isometry, we finally get that g = 1; so, V is a unitary, which finishes the proof. □ 

5.5. Proposition. Let <3 = {N, M,a, (3,r,T,T', u) be a measured quantum groupoid, 
and aSjb a N — N-bimodule; let V be a unitary from Sj onto Sj ;,®a -ff<i>, satisfying 

I/O V 

all the following properties, for all x E N : 

V{h{x) a®pl) = {lb®al3{x))V 
No N 

V{1 a®p a{x)) = (a(x) 1)V 

No N 
N° N 

and let us suppose that, for any ^ G -D(a^, i^) and rj G D{S)b, ^°), the operator {uj^.^*id){y) 
belongs to M; therefore, it is possible to define {id* 9){V), for any 9 in M^'^ . Moreover, 
are equivalent : 

(i) V is a corepresentation of & on a^b', 

(a) the application 6 —>■ [id * 0){V) from M°'^ into ^{Sj) is multiplicative. 

Proof. Clear. □ 

5.6. Example. Let (3 = {N, M, a, f3, F, T, T', u) be a measured quantum groupoid; then 
the pseudo-multiplicative unitary W verifies : 

(Ifl a^p W){W W*) = {W l9,)(yll{W /3®a (Tyo) 

NO N N N° ' N ^ 

from which one gets, using the definition of F, that we have, for any ^ G D((H^)i3, u°) 
and 7] G D{aH^, u) : 

N° ' N 

which means, thanks to 5.4, that is a corepresentation of (C5)° on the N° — N'' bimodule 
l3{His>)a. So, (auoWcr^o)* is a corepresentation of (3° on the N" — N" bimodule j^{H^)a, 
and, using 5.3, a^oWa^o is a corepresentation of C5 on the N — N bimodule a{,Hq,)p. 
We get also that {(TyW°ay)* is a corepresentation of C5 on the N — N bimodule 5,(if<j,)^ 
and that W°'^ is a corepresentation of on the N° — N° bimodule 
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5.7. Proposition. Let <3 = {N, M,a, f3,r,T,T\ u) be a measured quantum groupoid, 
and a N — N-bimodule; let V be a corepresentation of & on aS^h. Then, we have : 



{V 1)(1 a®p (T,oW*a,){V* 1) = ^af h®a b®a O^oWo, 

N° N° N ' N N N 

Proof. From 5.1, we easily have : 



(1 6®a a^oW*a^){V 0®a 1)(1 a®/3 a^oWa^) = (1 6®^ a^o){V b®a l)(^baiV 1) 

N N N° N N ' NO 

Then, taking the adjoints, we get : 



(1 a^ts a,oW*a,){V* 1)(1 b®a (TuoWa,) = {V* a®p l)(Tli{V* 1)(1 b^a 



N° N ^ N° N N 

from which we get the result, because V is an unitary. □ 

5.8. Proposition. Let & = {N, M,a, (3,r,T,T', u) be a measured quantum groupoid, 
and a^b a N — N-bimodule; let V be a corepresentation of C5 on a^db- Let ^2 be in 
D{a^, t^) n D{S^h, u°), Tji, rj2 be in D{aH^, v) fl D{{Hq,)j^, Then, the element : 

belongs to D{S), and : 

V v J\fo 

Proof. By linearity, it suffices to prove that the element of M^, defined, for y in M by : 

y ^^v*{i^Mi)i^a^i3 y) 

N° 

belongs to M'^'K For n G N, we have : 

(1 a{n))V*{^i r/i) = V*{a{n)^, r/i) 

]\fo V V 

(1 a®ti h{n))y*{ix b®a Vi) = V*{^i P{n)r],) 

J\fo V V 

and, therefore, if n e '^v, 

||(U®^a(n))y*(ei.®„r/OI| < ||i?"(r/i)|| ||A.H|| 

\\{\,®f,h{nW\i^ b^o. Vi)\\ < ||i?''te)llll^"(^i)lll|A.H|| 

N" ^ 

which, therefore, gives the result. □ 
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5.9. Proposition. Let <3 = {N, M,a, f3,r,T,T', u) be a measured quantum groupoid, 
and a N — N-bimodule; let V be a corepresentation of C5 on a^Jt- Let ^i, ^2 be in 
D{a^, ^) n D{9)h, u°), rji, rj2 be in D{aH<i>, ^) H D{{H^)i^, u°). Then, the element : 

{id * w^i,^2)(Vr)(w5,,^2 * id){y) 

belongs to D{S), and : 

S[{ld * ^r,i,„J(l^)(wCi,6 * ^d){V)] = {U^,,^, * ld){V*){ld * Ur„,^,){W*) 

Proof. Using 5.7, we get that : 

{id * * ^d){V) = («2655„»?2) * a®/3 (T^oWa^) 

(^6,6 * ^d){V*){id*uJr„^r,2){W*) = (wv-(6b®ar,i),y*(66®a'?2) * id){l a®i3 cr^oW*a^) 
We then get the result by 5.8. □ 

5.10. Theorem. Let C5 = (A^, M, a, /3, F, T, T', z/) be a measured quantum groupoid, and 
aSjb a N — N-bimodule; let V be a corepresentation of & on aSdb- Let ^i, ^2 L){aS), u) fl 
D{S^b, u"); then the element (1^51,^2 * id){V*) belongs to D{S), and : 

S{{uj^,^^,*id){V)) = {uj^,,^,*id){V*) 

Proof. Using 5.9, we get that, for any x of the form {id * u;^j^^2)(iy*), where ?7i, 772 
are in D{aH^,h') fl D{{Hi^) j^,u°), the operator x{ijJ^^,(^^ * id){V) belongs to D{S), and 
S{x{uj^,,^, * id){V*)) = {u^,,^, * id){V*)S{x), 

If, moreover, rji belongs to D{P~^/'^) and is such that P~^/^?7i belongs to -D((if<i>)^, z/°), 
and if 772 belongs to D{P^^'^) and is such that P^^'^'r]2 belongs to D{a{Hc^, z/), then using 
([E5], 3.8), we know that : 

{id * Wj^r?i,Jsr,2)(W^*) = {id * UJp-i/2^^^pl/2^^){W*y 

and we know ([E5], 3.9) that the linear space generated by such elements is weakly dense 
in M. Let A be the algebra generated by these elements, which is therefore involutive, 
and dense in M. 

Therefore, we obtain that S{x{uj^j^^^2 * id){V*)) = {uj^-^^^^ * id){V*)S{x) for any x E A. 
Then, by Kaplanski's theorem, it is therefore possible to find a sequence a„ in D{S) 
increasing to 1 such that : 

S{an{uj^,,i:,*td){V*)) = {uj^,,i:,*td){V*)S{an) 

Let's take now 

en = 1/Vtt e * Tt{an)dt 
J —00 

As 5* is closed, we have again 

S{en{co^,,^,*td){V*)) = {uj^,,^,*td){V*)S{en) 

Moreover, e„ is increasing to 1, and, as r_i/2(e„) is bounded, r_j/2(en.) converges also to 
1, and so does S{e„). So, we get the result, using again the closedness of S. □ 
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5.11. Theorem. Let C5 = {N, M,a, l3,r,T,T' ^u) be a measured quantum groupoid, and 
aS^b a N — N -bimodule, and let us suppose that D{a^, t^) ^D{S)b, t^") is dense in S). Let V 
be a corepresentation of (3 on aSdb- Then, for any Ci, C2 in ^, for any ^ G D{{H,^)p, u°) fl 
D(P^/2) ^/^Q^ pi/2^ belongs to D{aH^,u), and for any r] e D{c,H^,u) f] D{p-^/'^) 
such that P~^/'^ri belongs to we have : 

{y{Cl a®p OIC2 b®a V) = (^*(Cl b®a ■hP~''^r,)\C2 a®p J^P"^0 

Proof. It is clear that J-^P~^l'^r] belongs to D{aH^,u) and that J^P^^'^S, belongs to 
D{{H^)l3, u°). Moreover, we have, if we take Ci, C2 in D{a^, ^) H D{S)b, '■ 

iViCla®(3 0\C2b^aV) = iCl (3 ^\V* {(2 b®a V)) 

I/O 1/ u° f 

which, using 5.10, and the fact that J^P^^^ = P~^^^J^, is equal to : 

(e|5[K..Ci*^^)(^)]^) = {^\JiP~'^^u;c,,c.*^d)iVrP'/'J^v) 

= {J^P-'^'v\i^c.C.*^d){V)J^P'/'0 

= {Clb®ahP~^'^V\V{C2a®pJ^P^'^0) 

u 1,0 

= (V*(Cl b®a J^P-'/'v)\C2 a®p J^P^'^O 

Therefore, the result is proved for ^1, ^2 in -D(aio, v) fl D{S)b, t^"), and it remains true, by 
continuity, for any (i, (2 ^- D 

6. Actions of measured quantum groupoids 

In this chapter, we define actions of measured quantum groupoids on von Neumann 
algebras (6.1) and actions implemented by a corepresentation (6.6). We define also invari- 
ant elements by an action (6.11), the canonical operator-valued weight on the invariants 
(6.13), and integrable actions (6.14) 

6.1. Definition. Let C5 = {N, M, a, (3, F, T, T', u) be a measured quantum groupoid, and 

let A be a von Neumann algebra. 

An action of C5 on A is a couple (6, a), where : 

(i) b is an injective *-antihomomorphism from into A; 

(ii) a is an injective *-homomorphism from A into A b*a M; 

N 

(iii) b and a are such that, for all in A^: 

a{b{n)) = lb®aP{n) 

N 

(which allow us to define a b*a id from A b*a M into A b*a M 13*^ M) and such that : 

AT N N N 

(a b*a id)a = {id b*a r)ci 

N N 

If there is no ambiguity, we shall say that a is the action. 

So, a measured quantum groupoid (S can act only on a von Neumann algebra A which is 
a right module over the basis N . 

Moreover, if M is abelian, then, as, for all n & N, a{b{n)) = 1 b®)a I3{n) commutes 

N 

with a(x), for all x G A, we see that b{N) is in the center of A. As in that case 
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(3.13) the measured quantum groupoid comes then from a measured groupoid S, we have 
N = L°°(g(°),i/), and A can be decomposed as A = Jg(o) A^du[x). 

6.2. Example. Let C5 = (A^, M, a, (3, F, T, T', z/) be a measured quantum groupoid; then 
{id,f3) is an action of <3 on A^", we shall call the trivial action of C5 on N°. 

6.3. Example. Let 9 be a measured groupoid, and let a be an action of S on a von 
Neumann algebra A = J^o) A^du^x), as defined in ([Y3], def. 3.1(i)); let us define then b 
as the homomorphism which sends L°°(S''°^) into the diagonalizable operators in A. Then, 
(6, a) is an action (in the sense of 6.1) of the measured quantum groupoid S defined in 
3.13 on A ([OR], Th. 3.2), i.e. for all (7 G S, there exists a family of ^-isomorphisms 

from A^^^^ onto A^^^^ such that, if {gi,g2) G S^^\ we have ag-^g^ = CLg^CLg^, and such 
that, for any normal positive functional u = Jg(o) uj^du^x), and any y = Jg(o) y^du^x), the 
function g 1— cu^'^^\ag{y'^^^^)) is /i-measurable. We then get : 

aiT y^dv{x))= r ag{y<<^^)dii{g) 

Jg(o) Js 

Let now b be a coaction of S on a von Neumann algebra B which is a L°°{Q^^\ j/)-module, 
as defined in ([Y3], def. 3.1(ii)); let us define then b as the homomorphism which sends 
L°°{9^'^\iy) into B; then, (6, b) is an action of § (as defined in 3.13) on B. ([Y3], 3.1 (ii) 
and [OR], 2.3). 

6.4. Example. Let G = (M, F, $, be a locally compact quantum group; an action of 
G on a von Neumann algebra A is an injective *-homomorphism a from M into A ® M, 
such that 

(a ® id)a = {id ® F)a 
(where id means the identity of A or of M). ([\ '-'], 1.1) 

Writing now id for the canonical ^-homomorphism from C into A, we get that {id, a) is 
an action of the measured quantum groupoid G (3.14) on A. 

6.5. Example. Let Mq C Mi a depth 2 inclusion of von Neumann algebras, with a 
regular operator-valued weight Ti from Mi to Mq, as defined in 2.2. Let (5i be the 
measured quantum groupoid constructed (3.15) from this inclusion, and 02 the measured 

o 

quantum groupoid constructed from the inclusion Mi C M2, which is isomorphic to C5i ; 
we shall use the notaions introduced in 2.2 and 3.15. Then, there exists ([EA ], 7.3) a 
canonical action of 02 on Mi, which can be described as follows : the anti- representation 
of the basis M[ fl M2 (which, using ji, is anti-isomorphic to Mq Pi Mi), is given by 
the natural inclusion of Mq Pi Mi into Mi, and the homomorphism from Mi is given 
by the natural inclusion of Mi into M3 (which is, thanks to ([EV], 4.6), isomorphic to 
Mi*£(i7^J). 

6.6. Proposition. Let <3 = {N,M,a,l3,T,T,T',v) he a measured quantum groupoid, 
aSjb be a N — N bimodule, and V be a corepresentation of C5 on Sj; for any x G a{Ny , 
let us write a{x) = V{x a®(3 ^)V* and let A be a von Neumann algebra on Sj, such that 

N" 

b{N) C Ac a{Ny, and a{A) C A b*a M; then : 

N 

(i) {b,a) is an action of (& on a{Ny ; 

(ii) {b,a\A) is an action of (5 on A. 

In such a situation, we shall say that a and a\A o,re implemented by V . 
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Proof. The intertwining properties of V imply that, for all n G : 

a{b{n)) = 

N 

{a{n) l)a(x) = a{x){a{n) 1) 

N N 

and this last property gives that a(a(A^)') C a^N)' b*a M. Therefore, we can consider 

N 

(a b*a id)a{x), which will be equal to : 

N 

{V b^a iWbiiV a®fi 1){X a®p 1 1){V* ^WaliV* b®a 1) 

TV ' jv° N° N° N° ' N 

which, thanks to 5.1, is equal to : 



(1 b®„ W*){1 b^a (r^){a{x) 1)(1 a^o){l W) 

N N ^ N N 

which is equal to {idb*a r)o(a;). □ 

N 

6.7. Theorem. Let (& = {N, M,a, (3,r,T,T', u) be a measured quantum groupoid, A a 
von Neumann algebra, (6, a) an action of&; then, there exist an Hilbert space S), a faithful 
normal representation tt of A on S^, a normal faithful representation a of N on Sj, such 
that 7r{A) C a^N)' , a corepresentation V of & on the N — N bimodule a^not, such that, 
for all X in A : 

(vr b*a id)a{x) = V{tt{x) a®p l)V* 

N No 

Proof. Let's take = L'^{A) b®a H^, let us write a{n) = Il2(a) b®a a(n), for all n E N, 

N N 

and take V = lL^(A}b'S)a{o-^W''a,^)* which is (5.6) a corepresentation of (25 on aS^{i b»ai3) 
and choose tt = o to obtain the result. □ 

6.8. Proposition. Let (3 = {N, M, a, P, T, T, T', v) be a measured quantum groupoid, a^b 
be a N — N bimodule, and V be a corepresentation of (3 on S^; let A be a von Neumann 
algebra on Sj, such that b{N) G A G a{Ny ; then, are equivalent : 

(i) the corepresentation V of ^ implements an action a of & on A; 
(a) the corepresentation V* of (3° implements an action a' of (5° on A'. 

Proof. Let us suppose (i); then, we have V{Aa<^b'^)V* C Ab*aM; taking the commutants, 

N° N 

we get : 

A' b®a M' GV{A' a*pLiH^))V* 

N ATo 

and, therefore. A' b<^a 1 C V{A' a*i3 ^{H<s>))V*, from which have : 

N NO 

V*{A' b®al)VGA' a*pL{H^) 

N N° 

but, from 5.3 and 6.6 applied to V* , we get that : 

V*{b{N)'b®^ l)V Gb{N)' a*pM 

N N° 

and, therefore, we have : 

V*{A' b®a l)VGA'a*(,M 

N N° 

from which we get (ii), using 6.6 again. If we apply this proof to C5°, we obtain that (ii) 
implies (i). □ 
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6.9. Definition. Let C5 = {N^ M^a, [3,T ^T^T' be a measured quantum groupoid, A 
a von Neumann algebra, (6, a) an action of on A\ let ip a normal semi-finite faithful 
weight on A, and let us define, for all n & N, a{n) = J^b{n*)J^, which gives to a{H^)i, 
a canonical structure of N — N bimodule; let ^ be a coreprentation of (5 on H^; let us 
suppose that V implements a, i.e. that, for any x E A, we have : 

a{x) = V{xa(^pl)V* 
We shall say that is a standard implementation of a if, moreover, we have : 

V* = (J^ a®f3 J^)V{J^ b^a J$) 

6.10. Example. Let <S = {N, M, a, /5, F, T, T', z/) be a measured quantum groupoid; then 
r) is an action of on M. 

Moreover, {(Ti,W°aiy)* is a corepresentation of on which is a standard imple- 

mentation of r. 

6.11. Definition. Let (3 = {N, M,a, P,T,T,T',h') be a measured quantum groupo-id, 
and let A be a von Neumann algebra, {b, a) an action of & on A; we shall call A" the 
invariant subalgebra of A defined by : 

A''= {x e An 6(iV)'; a(x) = x b®^, 1} 

N 

In the example 6.2, the invariant subalgebra is Z{N); in the example 6.5, the invariant 
subalgebra is Mq ([EV], 7.5); in the example 6.10, the invariant subalgebra is a(A^)(3.11(v)). 

6.12. Proposition. Let = {N, M,a, (3,r,T,T' ,u) be a measured quantum groupo-id, 
and let A be a von Neumann algebra, (6, a) an action of (5 on A. Let ^ = u o a^^ o T; 
for any x G A~^ , the extended positive element of A 

T^{x) = {idb*a $)a(x) 
is an extended positive element of A°. 
Proof. Let u & {A b*a M)^; then, we have : 

N 

LJoa{Ta{x)) = uj{idb*aid i3*a^){ab*aid)a{x) 

N y N 

= uj{id b*a id ^*oi ^){id b*a^)<^{x) 

N N N 

which, thanks to 4.12(ii), is equal to : 

Uj{{idb*a $)a(x) f3(S)a 1) 

from which we get that a(To(x)) = Ta{x) b^a 1? which is the result. □ 

N 

6.13. Proposition. Let (A^, M, a, /3, F, T, T', i/) be a measured quantum groupoid, and 
let A be a von Neumann algebra, (6, a) an action of {N, M,a, PjTjTjT',!/) on A. Let 
$ = o o T, and, for any x G A~^ , let Ta{x) = {idb*a $)ci(x) be the extended positive 

N 

element of A'^ defined in 6.12. Then is a normal faithful operator-valued weight from 
A on A". 
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Proof. Let y in A°; let u G such that there exists /c > for which uo oh < ku; as 
y G b{Ny, the element a;^ of defined, for all x G A by ujy{x) = uj{y*xy) satisfies the 
same property, and we have, for x G 

<Ta{y*xy),uj > = uj{{idb*o,<l>)a{y*xy)) 

N 

N N N 

= UJy{T^{x)) 

= < y*Ta{x)y,uj > 

which proves that Ta is indeed an operator- valued weight. Normality and faithfulness are 
trivial. □ 

6.14. Definition. Let (5 = {N, M,a, f3,r,T,T' ,1/) be a measured quantum groupo-id, 
and let A be a von Neumann algebra, (6, a) an action of C5 on A; we shall say that 
the action is integrable if the operator- valued weight introduced in 6.12 and 6.13 is 
semi-finite. 

7. Some technical properties of actions 

In this chapter, we define technical properties (property A in 7.1, saturation property in 
7.3) and prove technical results (7.6, 7.7) about these properties which will be necessary 
in the sequel. We shall prove in chapter 11 that these properties are always fulfilled. 

7.1. Definition. Let (5 = {N, M,a, j3,T,T,T' ,iy) be a measured quantum groupoid, 
(6, a) an action of C5 on a von Neumann algebra A; following ([El], III2), we shall say 
that the action a satisfies the property (A) if : 

(aiA) U 1 a{N)')" = A h*a ^H^) 

N N 

7.2. Proposition. Let (5 = {N, M,a, l3,r,T,T', u) be a measured quantum groupoid; 
then, we have : 

(r(M) U 1 a{N)')" = M fs*^ L{H^) 

N N 

In other words, the action (/?, L) of <3 on M (6.10) satisfies the property (A) (7.1). 
Proof. Let y be in I3{N)' such that W{y p®^ l)W* belongs to £(//$) M'; then, for 

any u unitary in M, we have : 

(1 a®^ u)Wiy p®^ l)W*{l u*) = W{y p®^ \)W* 

which can be written : 

T{u){yfs®^ l)T{u*) = yp®al 

N N 

and, therefore, we have T{u){y fs®a 1) = {y i3®a l)r(tt); therefore, y commutes with all 

N N 

elements of the form {id a*f3 '^)r(^), for all u unitary in M and all u G M^, for which 

N 

there exists k > such that uoa < ku, and, using A. 7, we get that y belongs to M'. So, 
we have : 

{P{Ny p®^ 1) n W*{L{H^) M')W = M' p®^ 1 

N ]\fo N 

and, as {P{N)' p®^ 1) = Cj{Hq>) p*^ a{N) = (1 p®^ a{N)'y, we get the result, taking the 

N N N 

commutants. □ 
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7.3. Definition. Let (5 = {N, M,a, P,T,T,T' ,1^) be a measured quantum groupoid, 
(6, a) an action of C5 on a von Neumann algebra A; following ([ESI], 118), we shall denote: 

Sata = {X e Ab*aM,{a b*a id) (X) = {id b*aT){X)} 

N N N 

By definition, we have a{A) C Sata, and we shall say that is saturated if a{A) = Sata 

7.4. Lemma. Let (5 = {N, M,a, f3,r,T,T' ,1/) be a measured quantum groupoid, a^b o 
N — N bimodule, V a corepresentation of (5 on a^b! ^^t SatV be the set of elements X 
in a{Ny b*a PiN)' such that : 

N 

{V l)crl:!iX l)al'l{V* 1) 

Af ' ATo ^ 

= (1 b®„ W*){1 b®a (ru){X 3®„ 1)(1 b®a b^a W) 

N N N N 

Then, we have : 

(t) SatV = V{L{Sj)a*f3M')V*; 

N" 

(zz)V*{lb®aM')V CL{9j) a*p M' 

N N° 

Proof. As V" is a corepresentation, we have, by definition : 

(1 b®« W*){1 b®a (yu){V p®a 1)(1 a®p (yuo){l a®fi W) 
N N ]\fo N° N° 

= {V 1)(tI;^{V ^®fi 1)(1 a®/3 (Tu) 

N ' J\fo J\fo 

and, therefore : 

(1 b^a Cr,o){l W){V b^a 

N N N ' 

= {V 1)(1 a®/3 a®/3 W){1 a®l3 (T^o){V* 1) 

ATo N° N° N° N° 

So, X belongs to SatV if and only if we have : 

(1 a^f3 a^oWa^o){V*XV 1) = {V*XV 1)(1 a^oWa^o) 

from which we get that X belongs to SatV if and only if V*XV belongs to ^{Sj) a*i3 M', 

N° 

which finishes the proof of (i). 

As it is clear that 1 b®a M' C SatV, we get (ii) from (i). □ 

N 

7.5. Lemma. Let C5 = {N, M,a, P,T,T,T',h') be a measured quantum groupoid, a^b o, 
N — N bimodule, A a von Neumann algebra such that b{N) G A G a{Ny , V a corepre- 
sentation of (3 on a^b which implements an action {h, a) on A; then we have : 

Sata = Ab*aMn ^(^(fi) a*f3 M')V* 

N ATo 

and also : 

Sata = A b*a ^H^) n V{a{Ny a^fs l)V* 

N NO 
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Proof. Let X & A h*^ M; as we have : 

N 

{ab*atd){X) = {Vb^o. l)ali{Xa^f3 iyai{V*f30a 1) 
N N ' N° ' N 

and : 

{idb*aT){X) = {lb®a W*){lb®a a^){X l)(U®a W) 

N N N N N 

we get that Sata = A i,*a M fl SatV, which, thanks to 7.4(i), gives the first formula. 

N 

Starting from this formula, we get, because ^ is a corepresentation of : 
Sata = V{V*{Ab*aM)V nL{S3) a*i3M')V* 

N 7V° 

C V{L{^)a*f3MnL{S^)a*/3M')V* 

N N° 

N 

= V{a{N)\®pl)V* 

N° 

and, therefore, Sata C A M n V{a{N)' a®p l)V* . 

N N° 

As a{N)' a®f3 1 C ^(i?) a*/3 uslug the first formula, we get : 

N° N° 

Sata = A b*a M n V{a{N)' a®p l)V* 
And, as V{a{N)' a®p C L{S)) b*a M, we get the second formula. □ 

7.6. Proposition. Let <3 = {N, M,a, (3,r,T,T', u) be a measured quantum groupoid, 

aSjb a N — N himodide, A a von Neumann algebra such that b{N) C A C a{N)' , V a 

corepresentation of on aSjb which implements an action {b, a) of <3 on A and an action 

{a, a') of &° on A'. Then, are equivalent : 

(i) a is saturated; 

(a) a' satisfies property (A). 

Proof. Using 7.5, we get that a is saturated if and only if : 

V{A a®p l)V* = A b*a ^H^) n V{a{Ny 1)V* 

which, taking the commutants, is equivalent to : 

ViA' ^H^W* = {A' b^a 1 U ViaiN) li{H^))V*y' 

or, to : 

A' a*p ^H^) = {V*{A' b®a l)V U a{N) 

which is : 

A' a*p L{H^) = (a'(A') U (1 a®p m)'))" 

N° N° 

which means that a' satisfies property (A). The converse is proved the same way. □ 
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7.7. Proposition. Let (5 = {N^ M^a, (3,T ^T,T' he a measured quantum groupoid, A 
a von Neumann algebra, (6, a) an action of C5 on A; let ip be a normal semi-finite faithful 
weight on A, and let us suppose that there exists a corepresentation V on which is a 
standard implementation for a in the sense of 6.9. Then, are equivalent : 

(i) a is saturated; 

(a) a satisfies property (A). 

Proof. By 6.9, for all n G A^, we write a(n) = J^b{n*)J^, and is a corepresentation of 
on a{H^)b, which implements a, and verifies : 

from which we get that the action a' implemented by V* satisfies : 

{■^ a®/3 J$)a'(A')(Jv. h®c -h) = ci{A) 

As (J^ a®si h®a -h) = A' b<^a 1, we get that : 

I/O ]\fo V N 

(JV J^)i^' a*f} ^{H^)){J^ b®a J$) = A b*a ^H^) 

yO J^o V N 

Thanks to 7.6, a is saturated if and only if a' satisfies property (A), which means that : 

A' a*p ^H^) = (a'(A') U (1 PiN)'))" 

N° N° 

from which we get that : 

A b*a ^H^) = (aiA) U (1 b^a aiN)')" 

N N 

which means that a satisfies property (A). □ 

7.8. Corollary. Let (5 = {N, M, a, (3, F, T, T', u) be a measured quantum groupoid; then, 
we have : 

r(M) = {xe M p*^ M- (r^*, id){x) = {idp*^T){x)] 

N N N 

Proof. We have seen in 6.10 that F can be considered as an action of C5 on M, which has 
a standard implementation; moreover, by 7.2, it satisfies property (A), and, therefore, by 
7.7, this action is saturated, which finishes the proof. □ 

8. The standard implementation of an action : the case of a 5-invariant 

WEIGHT 

In this chapter, we define (5-invariant weights on a von Neumann algebra on which 
is acting a measured quantum groupoid (8.1); in that situation, we construct (8.8) a 
standard implementation of the action. As a corollary, we obtain in that case that the 
property A and the saturation property introduced in chapter 7 are equivalent (8.10). 

8.1. Definition. Let C5 = {N, M,a, f3,r,T,T',i') be a measured quantum groupoid; let 
A be a von Neumann algebra, {b, a) an action of on A and let ip he a. normal faithful 
semi-finite weight on A. We shall identify A and tt^{A), for simplification. Let a be the 
representation of on given by : 



a{n) = J^b{n*)J^ 
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We shall say that tp is 5-invariant if, for all r] E D^aH^,^) fl 'D(S^^'^), such that 
belongs to D{{Hq>)p, u°), and for all x G DT^, we have: 

N u° 

One should remark that {id h*a uj„)<x{x*x) belongs then to 97ll. 

N ^ 

Moreover, if the subset D{{H^)b, u°)\~\D{aH^, u) is dense in H^, we shall say that ip bears 
the density property, 

8.2. Example. Let us consider (6.10) the action F) of on M; then, by 4.5, we get 
that $ is 5-invariant. Namely, taking (ej)ig/ an orthonormal {a^v) basis of we get, 
for X G and convenient ?7, that : 

(^[{id ii*aUJr^)T{x*x)] = y'<l>((2rf/3*oU;^,eJr(x)*(2rf/3*aC^r7,eJr(x)) 
N ■ N N 

i 

. TV 

= \\K^{x)s.®p5''^r,r 
Moreover, as fl D{siH^, u) is dense in $ bears the density property. 

8.3. Lemma. Let C5 = (A^, M, a, /3, F, T, T', i/) &e a measured quantum groupoid; let A be 
a von Neumann algebra, [b, a) an action of (5 on A and let if) be a 5 -invariant normal 
faithful semi-finite weight on A. Let {ei)i^i be an [a, v)- orthogonal basis of Hij,. Let 
X G Dl^ , and t] as in 8.1. Then: 

(i) for all ^ G D{aH<s,, u) , (zd ci;^^)a(x) belongs to DT^; 

N 

(a) the sum 'Y^^h.^{{id b*a ^r? ejci(a^)) b®a is strongly converging, the limit does not 
depend upon the choice of the [a, u)- orthogonal basis of Hcj,, and : 

II A^{{idb*a UJr,,e,)0.{x)) b^a ei\\^ = 1p{{id b*a UJrj)a{x*x)) 

^—^ N u N 

t 

Proof. We have : 

{id b*a u;r,,^)a{xy{id b*a ujrj,^)a{x) = {id b*a u;n){a{x*){l b®a 0)<^i^)) 

N N N N 

which is less than \\R'''''{^)\\'^{id b*a Wr])ci{x*x), which belougs to by hypothesis; so 
we get (i). 

As the vectors A^{{idb*a^^r] e,)<^{x)) b<S}aGi are two by two orthogonal, for any finite J G I, 

N ' u 

we have : 



y2 A^{{id b*a UJrj,eM{x)) b®a 

\\A^{{id b*a uj^,e,)a{x)) b<^a ej^ 

llj{id b*a ^T, 



. , N 



N N . , 
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which is less than (and uprising to) ip{id b*a u}r^)a{x*x). If ^ G D^^H^, u), we have : 



N 



^ ^—^ N V N 

t 

which does not depend upon the choice of the basis, and finishes the proof of (ii). □ 

8.4. Proposition. Let & = {N,M,a,(3,T,T,T' ,v) he a measured quantum groupoid; let 
A be a von Neumann algebra, {b, a) an action of (3 on A and let tp be a 6-invariant normal 
faithful semi-finite weight on A. Let us define the representation a of N on by, for 
ne N : 

a{n) = Jii,h{n*)J^ 

Then : 

(i) there exists an isometry from a® (3 Hq, to b®a His, such that: 

V° V 

V^{k^{x) a® 13 S^^^V) = y2 ^Ai^d b*a UJr^,e,)a{x)) b®a 
I/O N V 

for all X G D^T^, r] as in 8.1 and for all {a, u)- orthogonal basis {ei)i^i of H^. 

(ii) for all e G DT^, we have : 

{J^eJ^ b®a l)V^{A^{x) a® 13 S^^'^v) = a(x)(J^A^(e) b®a v) 

(Hi) for all ^ G D{aHi^, u), we have : 

AJ{id b*ai^ri,F)a{x)) = {id * ujsi/2„ ^){V^)AJx) 

N 

(iv) for all y E A, z & M' , we have : 

a{y)V^ = V^{ya®(3 1) 



(1 b®a Z)V^ = V^{1 a®/3 Z) 
N 7V° 



(v) for all n G A^; we have : 



iain) b®a 1)^/. = V^{1 a®(3 a{n)) 

N NO 

(1 b®a l3{n))V^ = V4b{n) a®p 1) 

N 7V° 

(1 b®a Kn))V^ = V4I a®f3 P{n)) 

N N° 

Proof. Defining by the formula given in (i), we easily obtain, using 8.3(ii), that for all 
x' G 9^^, Tj' as in 8.1, we get : 

(K^(A^(X) a® 13 5^''^Vl)\V^{K^{x') a® 13 5^^V)) = 6*a UJ^^ri')a{x* x)) 

I/O u° N 

which, by polarization of the definition of 5-invariance, is equal to: 

(A^(a;) a®p 6^'^T]\A^{x') a®(3 6^^^r]') 

V° I/O 
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which imphes that this formula defines an isometry which can be extended by continuity 
to a®(3 H^, and does not depend upon the choice of the basis, which is (i). We then 

get : 



u 1,0 . N u 

i 

= y^(idb*a^^r,,eJa{x))J^A^{e) b^aGi 

^—^ N V 

I 

= a{x){J^A^{e) b<^aV) 

V 

which is (ii). Using (ii), we then get : 

J^eJ^A^{{id b*a^ri,^)c^ix)) = {id b*a^ri,i^)a{x)J^A^,{e) 

N N 

= J^eJ^{id* ujgi/2n^^){V^)A^{x) 

from which we get (iii), by taking the hmit when e goes to 1. Using (ii) again, we have 
also : 

( J^eJ^ b(S)a l)a{y)V^,{A^{x) a®p S^^^v) = a{y){J^eJ^ b^a l)V^{A^{x) a®p S^^'^v) 

N I/O U yO 

= a{yx){J^A^{e) b®aV) 

V 

which, thanks to (ii) again, is equal to : 

(J^eJ^ b®a 1)K/;(A^(?/X) a®fi 5^''^r]) = {J^eJ^ b®a l)K/.(y a®f3 ^){^xl^{x) a®/3 
N u° N j\fo yo 

from which we get the first formula of (iv), by taking the limit when e goes to 1. We 
have also : 

{J^eJ^b®ccZ)V^{A^{x) a®l3 8''^'^TT) = {1 b®a z)a{x){J^A^,{e) b^aV) 

N yO N V 

= a{x){J^A^{e) b®azr]) 

V 

and, thanks to (ii) again, we get : 

(J^eJ^ \)V^{A^,{x) a®f3 S^^^zr]) = {J^eJ^ b®a l)V^{A^{x) a®p zd^/'^rf) 

N u° N yO 

= (J^eJ^ fe®^ 1)K/.(1 2;) (A^(x) 

N ]\fo ijO 

from which we get the second formula of (iv), by taking the limit when e goes to 1. 
Let's take now n & N, analytic with respect both to a'^ and 7. We have : 

{J^eJ^a{n) b®a l)V^{A^{x) a®fi S'^^'^v) = {Ji,eh{n*)J^ b®a l)V^{A^{x) a®f3 S'^^'^v) 

= a{x){J^A^{eb{n*)) b®a v) 

V 

It is equal to : 

a(x)(cr^.,2(&(ra)) J^A^(e) b®a v) = a{x){b{-f_i/2{n))J^A^{e) b®a v) 

V V 
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which is equal to a{x){J^A^{e) Ciicr'^i/2l-i/2{n))ri) , and, thanks to (ii) again, to : 

V 

N yO 

N yO 

from which we get the first formula of (v), by taking the limit when e goes to 1. 

The other formulae of (v) are special cases of (iv), taking y = h{n), and z = /3{n). □ 

8.5. Proposition. Let (5 = {N, M,a, f3,r,T,T',i') be a measured quantum groupoid; let 
A be a von Neumann algebra, (6, a) an action of (5 on A and let ip be a S-invariant normal 
faithful semi-finite weight on A. Let us define the representation a of N on by, for 
neN : 

a{n) = J^,h{n*)J^ 

and let the isometry from a®p Hi^ to H^b®aHi^ constructed in 8.4, which satisfies 

yO y 

the intertwining properties proved in 8.4(v). Then we have : 

(1 b<^a cryoW*ay){V^ a®/3 a^oWay) = (1 fe®^ ayo)(y^ l)al'^{V^ a®fi 1) 

N N N° N N ' N° 

Proof. Let xi, X2 in OT^, ^1, ^2 in D{aHq,, u), and 771, 772 as in 8.1 (i = 1,2); then, the 
scalar product of the vector : 

[V^ b^a 1)(1 a®/3 (ryo){V^ a®p a®/3 (Jy){K^{xi) a® p (^^^V P®a 5^''^^)) 

N 7V° N° N° u° u 

with A^(X2) b®a ii 13® a 6 IS CQual to : 
u 

{V^,{{id * UJsi/2^^^^^){V^)K^{Xi) a®l3 5^^V)|A^(X2) b®a ^l) 

yO V 

which, thanks to 8.4(iii), is equal to : 

)a(xi)] a®fi 5^/V)|A^(a;2) b®c. 6) 

N yO V 

and, using 8.4(iii) again, is equal to : 

{k^\{idb^a UJr,i,ii)a{{idb*a u;^2,6)'^(^i))]I^V'(^2)) 
N N 

which, using 6.1, is equal to : 

(A^,((z(i b*a t^r,i,6 t^r,2,6)(^'^ T)a{Xi))\A^,{x2)) 

TV AT AT 

Let us define Q G M^, such that, for any x G M, Q{x) = f3*a ^V2,i2)'^i^)- 

N 

Let {ei)i(zi be an (a, z/)-orthogonal basis of There exists a family of vectors in H, 
such that = P{< Ci^Ci >a,u)^i, and : 

V j yO 
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Moreover, as, for n G : 

$^ll«He.f = 11(1 a®4«H)vr(ei/3®a 6)11' 

i N" ^ 

= ||W^(a(n)ei;3®a6)ir 

V 

< ii^"''^fe)fiii?"'^(ei)iniA.Hf 

we get that the vectors ^ belong to D^aH^,^). The same way, there exist vectors 
r]i = (3{< Ci, Ci >a,u)rii G D{aH<!>, z^), such that : 

Moreover, as we have r(5**) = 5** (5**, we get that the vectors r^j belongs to T){p'l'^\ 

N 

and that : 



We have also : 

i N° y 

from which we get that the vectors S^^'^rji belong to D((Hq,)p, From these results, we 
get that, for any x G M, we have fl{x) = Xli ^^^^ therefore, we have : 

{A^,{{id b*a^^rii,^i /3*a^»72,6 

N N N ^ N 

The properties of the .^jS and the ?7jS allow us to use again 8.5(iii), and this is equal to : 

i 

On the other hand, if Ci belongs to D(aH^, v) and to D{{H^)h, z/°), we get, by 8.5(iv), 
that (1^(1 ,(^2 * '>'d){V) belongs to M, and that : 



N 



is equal to : 



which is equal to : 

((1 a,oW*a,){y^ 1)(1 a® a 0,oWa,){Q^ b^'^^^ a®p b^^^Vl)\C2 a®/3 6 a®/3 ^l) 

A'" 7V° u° u° v° u° 

From which, by continuity, we get that the scalar product of the vector : 

{V^ b®a ^)c^li{V^ a®t3 1)(1 a®t3 a^)(A^(Xi) a® (3 /3®a S^^^V2)) 
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with A^(x2) 6®a ^1 /3®a ^2 IS equal to the scalar product of the vector : 

f V 

(1 6®„ (T,,oW*au){V^ p®a a®p CT^o T^a^) (A^ (xi ) a®p S^^^V2 a® (3 ^^''^Vl) 

N N N° v° v° 

with A^(x2) h®a i\ i3®a ^2, from which, by continuity, we get the result. □ 

8.6. Theorem. Let C5 = {N, M,a, PjTjTjT',!/) be a measured quantum groupoid; let A 
be a von Neumann algebra, [b, a) an action of <S on A and let ip be a 6-invariant normal 
faithful semi-finite weight on A. Let us define the representation a of N on by, for 
ueN : 

a{n) = J^b{n*)J^ 

and let the isometry from a®i3 H<s, to b®a Hi^ constructed in 8.4; then : 
(i) V^p is a unitary, and, for all x in A, we have a(x) = V^{x a®i3 

N° 

(a) is a corepresentation of & on the bimodule aiH^,)^ which implements a. 

Proof. Thanks to 8.4(i), (v), (iv) and 8.5, we can apply 5.4, which says that is a unitary 
and a corepresentation, which gives (ii), and (i) by 8.4(iv) again. □ 

8.7. Lemma. Let (S = [N, M, a, /5, F, T, T', i/) be a measured quantum groupoid; let A be 
a von Neumann algebra, [b, a) an action of <S on A and let be a 6-invariant normal 
faithful semi-finite weight on A. Let us define the representation a of N on such that, 
for n G A^.' 

a{n) = J^,b{n*)J^ 

and let us suppose that ip bears the density property, as defined in 8.1. Let be the 
corepresentation of & on the bimodule a{,H^)}, constructed in 8.6. Then, for all x, y in 
Dft^nDT^, analytic with respect to ip, and ^ in D{{Hq,)i3, nD((P5)"^) such that {P6)~^^ 
belongs to Z?((if$)^, z/°) and r] in D{aH^,iy) n T){{P5)-^) such that {P5)-^ri belongs to 
D{aHip,i'),we have : 

{V^{A^K^{x) a®p {P5)-^^)\^^{y) b®a v) = (V^A^x) Ol^i^My) b®a (PSy^v) 

u° ^ v° ^ 

Proof. Thanks to the density property, we can use 5.11; therefore, with ^, 77 in using 
4.4(iii) : 

(Ka(a^a^(x) a®fi p^^s~^o\My) b®a v) 

= {v;{A^,A4x) fc®, j^p~'/^r])\A4y) jjP-^/^r^e) 

= (A^A^(x) J^p-^/^Ti\V^{A^{y) a®p J^P-'^'S-'O) 

V 1,0 

which, thanks to 8.4(iii), is equal to : 

{A^k^{x)\{id * u}j^p-i/2s-i^^j^p-i/2^){V^)Ai,iy)) 

= {A^A^{x)\A^,[{id * ujj^p-i/2s-i/2^j^p-i/2^)a{y)]) 
= {A^[{id * ujj^p-i/2^j^p^i/2s-i/2^)a{y*)]\A^{x*)) 



58 



which, using again 8.4(iii), is equal to : 

{{id * ujj^p-i/2s-i/2^j^p-i/2s-i/2^){V^)A^{y*)\A^{x*)) 

= {V4A4y*) a®p J^P~^'H-^'^r^)\A^{x*) J^P-^'H-^'\) 

u° f 

which, using again 5.11, is equal to : 

{A^{y*),®J-^/^i\V^{A^{x*)a®pP-'5~^'S)) = {A^{y*)\{id*Up-.,-^^^^^^ 
which, using again twice 8.4(iii), is equal to : 

{A^{y*)\A^{{%d b*^ ^(P5)-i^,5-i/2^)a(x*)]) = {S^A^{y)\S^A^[{id b*a ^5-i/25,(P5)~ir,)a(a;)]) 

N N 

= {A^A^[{id b*a a;5-i/25_(p5).i )a(x)]|Av,(y)) 

N 

= {A^{id * uj^^^ps)-ir,){V^)A^{x)\A^{y)) 
= {V^A^x) a®p O|A^0A^(y) h®a {PSy^r]) 

from which we get the result, thanks to 4.4(i). □ 

8.8. Theorem. Let C5 = {N, M,a, f],r,T,T', u) be a measured quantum groupoid; let A 
be a von Neumann algebra, {b, a) an action of (5 on A and let ip be a 6-invariant normal 
faithful semi-finite weight on A. Let us define the representation a of N on such that, 
for n G A^.' 

a{n) = J^b{n*)J^ 

and let us suppose that ip bears the density property, as defined in 8.1. Let the corep- 
resentation of (5 on the bimodule a{H^)b constructed in 8.6. Then : 
(i) for all t eM and n G A^, we have af{b{n)) = 6(74(72)). 

(a) it is possible to define two one parameter groups of unitaries q®/? S~^^P~^^ and 

N° 

b'^a S~^^P~^^ with natural values on elementary tensor products, and we have : 



N 

V4A^ s-^'p-'') = (a;* b^a 5-''p-'')v^ 

N° N 

(Hi) for every x in A, t E M., we have : 

a{af{x)) = {af b*c.T^t^T^f)a{x) 

N 

(iv) we have : 

= {J^ b®a J^)V^{J^ b®a J$) 

V V 

and, therefore, is a standard implementation of a. 

Proof. Let x, y in 01^ fl 9^^, analytic with respect to ip; let ^, rj as in 8.7, n in analytic 
with respect both to and 7^; we have : 

{V4A^A^{b{n)x) {PSy'OlMv) b^a v) 

= {V4A4b{n)x) a®i3 0\^i>My) b^a {PSy^r]) 

I/O I' 

= {V4b{n)A4x) a® (3 0|A^A^(l/) h®a {PS)-^V) 
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which, using 8.4(v), is equal to : 

((1 b®, (3{n))V4A^{x) a®p 0|Av,Av(y) b®a (PSy'v) 

but, we know that P{n*){P6)^^ri = {P6)^^ P{'yi{n*))r], and (3{^i{n*))rj bears the property 
necessary to apply 8.7; therefore, it is equal to : 

(K/,(A^(x) a®p 0|A^A^(l/) (P5)-i/3(7i(n*))r/) 

= ((1 b^a P{l-i{n))V4A^A^{x) (PSy'OlMy) b^a v) 

N v° y 

which, using again 8.4(v) again, is equal to : 

(KA(K7-iH)A^A^(x) a®p {P5)-^i)\A^{y) k®a v) 

from which we get that : 

A^A^{h{n)x) = 6(7„i(ra))A^A^(x) 

and we see that b{n) belongs to D(cr^-) , and that ati{b{n)) = h{^_i{n)). By classical 
approximations, we can prove this result for any n in D(7_j), from which, using ([H], 4.3 
and 4.4), one get (i). 

Let ^ G D{aH^); we have, for all n G ''11^, t G M : 

= J^bin*)Ap^^ 

= J^Ay_Mn*))M 

= J^A;*6(7-t(n*))J^e 

= A;*a(7-*(n))e 

= A;*i?"''^(0A.(7-t(n)) 

If we define i/** by W^Ayin) = A^(7f(n)), we get that A^^ belongs to D{aH^,v), and 
that /2°''^(A^*0 = A;*i?"''^(Oi^"**; then, we get, if ^' G D{aH^, u), that : 

<A%A'^e >V=7*(<e,r >l.o) 
But, for all n E N, we have: 

Piliin)) = afiPin)) 

= {6Py''p{n){6Pf 

Therefore, it is possible to define a one-parameter group of unitaries A^ a®i3 (5~**P~** on 

N° 

H^} a®i3 H^i with natural values on elementary tensor products. 
The construction of A^ i,®a 5~**P~** is done in a similar way. 

^ N 
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Let (P5) ^ and (PS) ^ be the analytic generators of these two one pa- 

rameter automorphims groups. We had got in 8.7 that : 

K/,(A^ a®^ {P6y') c (A^ b®a iP5y')v^ 

from which we finish the proof of (ii). Then, we get (iii) from (ii) and 8.6(i). 

We can verify that it is possible to define an antilinear unitary J$ from Hq> 

onto a®fi with natural values on elementary tensors, whose inverse is a®p J%\ 

v° v° 

moreover, we have, using 5.11 : 



= (V^J^A^x) a®p P-'/'v)\J^A4y) P'/^O 

I/O !/ 

which, using (ii), is equal to the scalar product of J^A^{y) i,0a P^^'^i with : 

V 

(Af ri/2p-i/2)KA(A;^/' 5"^P"^){J^A^{x) a®p P-'^'v) 

which is : 

(F^A^y) b®a S^^^^^lV^A^x*) a®f3 S^^^v)) = iF^A4y)\{td * Usi/2^^s-^/2^){V^)A4x)) 

and, using twice 8.4(iii), is equal to : 

(F^A^(?/)|A^((«cib*„u; ._i/2.)a(x*)) 

N 

= (A^((z(ife*„ cj5-i/2g )a(x)|A^(?/)) 

N 

= {{id * uj^^ri){V^)A^{x)\A^{y)) 
from which we get (iv). □ 

8.9. Corollary. Let & = {N, M, a, /?, F, T, T', u) be a measured quantum groupoid; let A 
be a von Neumann algebra, (6, a) an action of (5 on A and let ip be a 6-invariant normal 
faithful semi-finite weight on A. Let us define the representation a of N on such that, 
for n G A^.' 

a{n) = J^b{n*)J^ 

and let us suppose that tp bears the density property, as defined in 8.1. Let be the 
corepresentation of on the bimodule a{H^)b constructed in 8.6. Then : 

(i) it is possible to define the one parameter group of unitaries A^ a®p 5~**Aj** and 

N° 

another one A^ b®a ; with natural values on elementary tensor products. 

(ii) we have : 

v^{t^l r^'Aj^*) = (a;* b®. ^-''^f)y^ 

(Hi) for any x in A, t in M, we have : 



a{at{x)) = (A;* b®. 5-^'^t)a{x){^-f b®. 5^*A|) 



AT * ^ N 
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Proof. Using 3.10(vii), Aj is the closure of PJ^6 ^J^, and, therefore, (5Aj is equal to 
P5J^5-^J^, and, using 8.8(i), we can define Aj^* a®p 5~'*Aj** and A^* 5-^*Aj** by 

writing : 



a;* r^'Aj^* = (a;* ,®c. r^*P"^*)(i j.,r^*j$) 

AT * N N 

We then obtain (ii), thanks to 8.8(i) and 8.6(ii). Then (iii) is an easy corollary of (ii) and 
8.6(i). □ 

8.10. Corollary. Let = (A^, M, a, /3, F, T, T', i/) he a measured quantum groupoid; let 
A be a von Neumann algebra, {b, a) an action of C5 on A; let ip a 6-invariant normal 
semi-finite faithful weight on A, and let us define the representation a of N on such 
that, for n & N : 

a{n) = J^b{n*)J^ 

and let us suppose that ip bears the density property, as defined in 8.1. Then : 

(i) a has a standard implementation; 

(ii) a satifies property (A) if and only if a is saturated. 

Proof. We obtain (i) by 8.8. We obtain then (ii) by using (i) and 7.7. □ 

8.11. Corollary. Let (3 = {N, M,a, P,T,T,T',h') be a measured quantum groupoid; let 
A be a von Neumann algebra, [b, a) an action of (5 on A and let ipi, %l)2 be two 5 -invariant 
normal faithful semi-finite weights on A, and let us suppose that both ipi and ip2 bear the 
density property. Then, for all t in M., [Dipi : Dilj2)t belongs to A". 

Proof. Let us consider the von Neumann algebra B = A ® M2(C); for n in A^, let us 
define b{n) = b{n) ® (en + 622), which is an injective *-antihomomorphism from into 
B, and, for X = {xij)ij in B; let a denotes the flip from (g) onto ® -f^$, and let 
us define : 

b(X) = (1 b®„ cr)(a(xij))ij(l a*) 

N N 

which belongs to B M. 

N 

It is easy to check that {b, b) is an action of on B. Moreover, let ip be the normal semi- 
finite faithful weight defined on B by, for X = {xij)ij in B~^, ip{X) = ipi{xii) + '^2(3^22); 
we then can verify that is a. 5-invariant weight with respect to b, and that ip bears the 
density property. 

Therefore, we have, by definition of {Dtpi : Dil)2)t '■ 

(l6®„cr)[a(D^/'i : DV^2)i) ®e2i](U®aa*) = b[(DV^i : ^^^2)* ® 621] 

N N 



bafil ® 621 : 



which, using 8.8(ii), is equal to : 



(af ^*«r„,a*°V)b(l®e2i) = (af^*. r_,a*°V)[(l ® 621) 1] 

N N N 

= [{DtPi : Dtlj2)t ® 621] 1) 

N 

from which we get the result. □ 
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9. Crossed-product and dual actions 



In that chapter, we define the crossed product of a von Neumann algebra by a measured 
quantum groupoid (9.1), and the dual action on this new von Neumann algebra (9.4). 
We prove that the dual action is integrable (9.8), and satisfies (9.7) the property (A) 
introduced in chapter 6. 

9.1. Definition. Let C5 = (A^, M, a, /3, F, T, T', i/) be a measured quantum groupoid; let 
A be a von Neumann algebra acting on a Hilbert space Sj, {b, a) an action of & on A; 
we define the crossed-product of A by (via the action a) as the von Neumann algebra 
generated by a.{A) and 1 f,®Q, M' on the Hilbert space S) b<S)a Hq>. This von Neumann 

N N 

algebra will be denoted by A xi^ 35. Clearly, this von Neumann algebra is included in 
A,*^L{H^). 

N 

9.2. Example. Let 9 be a measured groupoid, and a an action of S on a von Neumann 
algebra A, in the sense of [Yl], [Y2], [Y3]. We have seen in 6.3 that a can be as well 
considered as an action of the abelian measured quantum groupoid constructed from S 
(3.13) on A. In [Yl] and [Y3] is given a construction of the crossed product of A by S; 
using ([Yl], 2.14), we get that the crossed product defined in 9.1 is the same. 

9.3. Example. Let Mq C Mi be a depth 2 inclusion of von Neumann algebras, with 
a regular operator-valued weight Ti from Mi to Mq, as defined in 2.2. Let 0i be the 
measured quantum groupoid, whose underlying von Neumann algebra is Mq fl M2 and 
whose basis is Mq fl Mi, constructed (3.15) from this inclusion, and 62 the measured 

- — -o 

quantum groupoid constructed from the inclusion Mi C M2, which is isomorphic to (J5i 
(therefore, we get that 02 = ^i)- Then (6.5), there exists ([EV], 7.3) a canonical action 
02 of (&2 on Ml, which has the following properties : 

(i) the basis of (&2 is M[ fl M2 (which, using ji, is anti-isomorphic to Mq fl Mi), the 
underlying von Neumann algebra of 02 is M[ fl M3 and, for x in Mi, 02 (x) belongs to 
Ml M[ n M3 ; in fact 02 is given by the natural inclusion of Mi into M3 ; 

M(nA/2 

(ii) we have Mq = Mf ; 

(iii) there is an isomorphism from Mi 02 onto M2([EV], 7.6), such that, for any 
X G Ml, we have 102(02(2;)) = and, for any y G Mq fl M2, we have /a2(l h®j2 v) = V- 

9.4. Theorem. Let = {N, M,a, f3,r,T,T',h') be a measured quantum groupoid; let A 
be a von Neumann algebra acting on a Hilbert space Sj, (6, a) an action of (5 on A, A Xa0 
the crossed product of A by & via the action a. Then : 

(i) the operator Ij, W^" is a corepresentation of {&Y on the N° — N° bimodule 

N 

JV Af N 

(ii) this corepresentation implements an action (1 «, 5) of (0)^^ on A xi^ 0, which 
verifies, for any x & A, y E M' : 

d(a(x)) = a(x) 1 

N° 

a(l 6®a y) = 1 b^a f'iy) 

N N 
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This action (1 b®a ci) (or tx for simplification) of '"^^^^ called the dual action of 

N 

a. 



(Hi) We have : 



a{A) C (A x„ 0)'' = A x„ 6 n A b*„ M 

N 



Proof, (i) is given by 5.6. Moreover, as a{x) belongs to A i,*^ M, we have : 



N 



;U b^a W'''){a{x) b®a = a{x) 1 

N N NO 



and, using 3.12(vi), we get 



b®a b®a y 1)(U b®a VT™)* = 1 b®a r"(?/) 

N N ^j^o N N 

and, therefore, we have : 

AT N 

C (a(A) 1 U 1 b®„ M' M')" C A C5 a*/3 M' 

which proves (ii). 

The inclusion <x{A) C {A y^a^Y is given by (ii); let now X be in A x^ 0, then X belongs 
to (A X(j 0)'' if and only if we have : 

(1 W^"){X .0. 1) = (X 1)(1 1^=°) 

AT '^^'^ ATo AT 

which means that X belongs to -^(55) b*a M. As A x„ c A b*a ^iH,^,), this finishes the 

AT N 

proof of (iii). □ 



9.5. Example. Let (25 = {N, M,a, P,T,T,T',h') be a measured quantum groupoid, and 
{id, P) its trivial action on N° (6.2); then the crossed-product N° x^ C5 is equal to M'; 
moreover, the dual action /3 is equal to F'^, considered as an action of {(5Y on M' (6.10). 
Therefore, (/3,r), considered as an action of on M, is the dual action of the trivial 
action {id, a) of (3° on N. 



9.6. Example. Let S be a measured groupoid, and o an action of S on a von neumann 
algebra A, in the sense of [Yl], [Y2], [Y3]. We have seen in 9.2 that the crossed-product 
A Xa S in the sense of 9.1 in equal to the crossed-product in the sense of Yamanouchi; 
moreover, the dual action d in the sense of 9.4 is an action of the measured quantum 
groupoid (whose underlying von Neumann algebra is the von Neumann algebra gen- 
erated by the right convolution algebra of S)- Using ([A">], 4.4), we see it is equal to the 
"dual coaction of S" introduced in ([Y3], 4.9). 

9.7. Proposition. Let & = {N, M, a, (3, F, T, T' , v) he a measured quantum groupoid; let 
A he a von Neumann algehra acting on a Hilhert space S), {b, a) an action of & on A; the 
dual action a of {&Y on the crossed product A x„ satisfies the property (A) defined in 
7.1. 
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or : 



Proof. Let us consider the von Neumann algebra B generated on the Hilbert space 

V 

H^^^ijH^ by a{A Xa<S) and 1 1 q,®/3/5(A^)'- By 9.4(ii), it is generated by a(A)a,(g)^l, 
1 r'(M') and 1 1 a®/3 f3{Ny; but, using 7.2 apphed to (6)^ we get that : 

TV N No 

(f'(M') U 1 a®f3 PiN)')" = M' ^*fs L{H^) 

N° N" 

and, therefore : 

B = {a{A) &0plUl b®a M' &*/3 ^H^))" 
B' = a{Ay ^*pL{H^)nL{^)t*aMs,®pl 

which gives that B = A xia^ a*f3 ^{His,), and finishes the proof. □ 

9.8. Theorem. Let <S = (A^, M, «, /3, F, T, T', z/) be a measured quantum groupoid; let A 
be a von Neumann algebra acting on a Hilbert space S^, (6, a) an action of & on A; the 
dual action a of on the crossed product A C5 is integrable. 

Proof. Let y be positive in M'; we have : 

Tail 6®a y) = [id $^)(1 b^a T'^iy)) = 1 b^a T^(2/) 

N „o N N 

As T'^ is a semi- finite weight from M' to (3{N), we get that is semi-finite, which finishes 
the proof. □ 

9.9. Definition. Let us take the notations of 9.8. Let tp he a normal semi-finite faithful 
weight on (A (5)°; then, we shall denote ip the lifted weight ip = ijj o T^, which is a 
normal semi-finite faithful weight on A Xu 

9.10. Lemma. With the notations of 9.9, we have, for all x G (A x^ 0)° and a G ^fc: 

b®o, a*a)x) = ip{x*{l b®a f''{a*a))x) 

N N 



Proof. We have, using 9.4(ii) 



a(l a*a) = 1 b^a T''(a*a) 



b'^a a a) = I b'i 

N N 



from which we get that : 



and, therefore : 



Ta{l b^a a*a) = 1 fe®Q T''{a*a) 

N N 



Ta[x*{l a*a)x] = x*[l T''{a*a)]x 

N N 

from which we get the result. □ 
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9.11. Proposition. Let's take the hypothesis and notations of 9.9; there exists an isom- 
etry V from into H^, such that, we have, for all x in Dl^ and a in fl OTj^ 

V 

V{k^{x) b(g)a A$c(a)) = A^((l 6®a a)x) 



N 

Moreover, we have, for all b G M' , y G (A ><„ C5)" : 

\/(U®, b) =7rT(U®„ b)V 

N° N 

Proof. For any a in 91^^ H Dljc, we have A^^{a) = J^A^{J^aJ^) , which belongs to 
D{aH^,u) (2.2), and R"'^{K-^Xa)) = J^Af{J^aJ^)J^, and, therefore, we have: 

< Aj^a)), Aj^a)) a-'[f{J^a*aJ^)r = p-\f%a*a)) 

and we get : 

||Av,(x) b®a A$.(«))f = {bo (3~\f'^{a*a))A4x)\A4x)) 

V 

which, using 9.10, is equal to ||At((1 b®a Which, by polarisation, proves the 

^ N 

existence of the isometry V . 

The formula ^(1 h®a b) = 7rj;(l b<S)a b)V is then trivial. 

N° N 

As, for all t G M, and ?/ G (A we have cxf (y) = crf{y), we get that if y is analytic 

with respect to ip, y is also analytic with respect to tp, and, for such an element : 

y{J^(^tii2{y*)yJi> b^a l){A^{x) A|,c(a)) = V{A^{xy) b®a A$c(a)) 

= A 7((1 b<S)a a)xy) 

^ N 

which is equal to : 

</^7r^(t^i/2(2/*))'^^A^((l b®a a)x) = J^TT^iat^/^ivDJ^^^ii^ 6®« a)o(x)) 

which, by continuity, gives the result which finishes the proof. □ 

9.12. Lemma. Let's take the hypothesis and notations of 9.9 and 9.11; then, for all X 
in A Xa we have 7r^{X)V = VX. 

Proof. Let x G A; we have : 

{ab*aid)a{x) = {id b*a^)ci{x) 

N N 

= (U®aIV°)(a(x)A®^l)((U®«iy°)* 



and, therefore 



(a(x) 1)((1 b^a W")* = (1 b^a l^°)*(a b*a id)a{x) 

NO N N N 



Let ^ G D{aHq,), rj G D{Hp)] we have : 

a(x)(l b®a {td * ujU^"*)) = (P?'")*(l b®a W"r{a td)a{x)p'f 

N N N 
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Let (ej)jg/ be an orthogonal (a, i^)-basis of Hi^,; as J^iPe'^iPe'")* — 1; is equal to : 



N N 



b,a 



AT M 



N N 
I 

This sum being convergent cr*-strongly. 

Let y be in fl 9^$ fl ^rtr H 01<j>o_r; and let us put rj = J<j,A$(y); then J^r] belongs 
to J4,A$(D1$) n D{aH^,iy) fl thanks to 3.10(i); therefore, 77 belongs to 

D{aH^, v) n D{{Hi^)is, z/°); moreover, as n'^J^r]) is a bounded operator, we get (4.1) that 
^J^i^J^v belongs to /$, and, therefore, by 4.8, that (cuj^^^jg^ * id){W) belongs to D^j; we 

then get easily that {id * uj^^ri)iW° ) belongs to O^jc, and that : 

!v^.{{id*u;^,,){Wo*)) = J^X^{{u;j.^^,j.^,*id){W)) 

Let x' be in Dl^, then, a(x)(l [id * uop^){W° ))x' belongs to Dlj,, by 9.11, and is the 

AT 

cr*-strong limit of : 

^(1 {id * uje,,r^){W'>*))a{{id b*a cu5,eja(x))x' 

^—^ N N 

Let J finite, J G I; then : 

^i'ly^i'^ fe®" {id * uJe^^r,){W'>*))a{{td b*a ^^,e,)a{x))x'] 

^ N N 

is, using 9.11, equal to : 

b*a W5,eJa(x)A^(x') A^c{{id * We,,^)(I?°*))] 
— : N N 

i€J 

which is : 

V{y^[{idb*a cu^,eJa(x)A^(x') b'^a ■J$J<fy*J'fJ$ei] 

^ N N 

which can be written : 

V{1 b0a J^J^y*J^J^) V pJ"(pJ")*a(x)(A^(x') 5®. 

N ^ N 

which converges in norm, when J is growing, to : 
V{1 J^J^y* J^J^)a{x){A^{x') b<S)a = Va{x){A^{x') J^J^y*J.s>J^O 

N N N 

= Va{x){A^{x') b®a A^c{{id * u^,r^){W"*)) 

N 
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As At is (7*-norm closed, we therefore get that : 



Va{x){A4x') A^^iitd * cug,^)(l?°*)) = AT[a(x)(l b®„ {id * u^^r,){W''*))x'] 

N N 

^ N 

= 7rT(a(x))\/(A^(x') b®« A$c{{id * cu5,^)(iy°*)) 

and, by hnearity and continuity, we get that TT^{a{x))V = Va{x), for any x E A. As we 
have obtained in 9.11 that V{1 f,®Q, b) = 7rT(l ^(g)^, b)V for any b G M', we obtain that 

7r7(X)\^ = for any X in the involutive algebra generated by a.{A) and 1 fe®Q, M'; 
then, by strong limit, we obtain the result. □ 

10. An auxilliary weight on the crossed-product 

Be given an action a of a measured quantum groupoid on a von Neumann algebra 
A, and a normal semi-finite faithful weight on A, we construct, in this chapter, (10.1) 
an auxilliary weight ipo on A xi a ^ which will allow us, thanks to chapter 8, to construct 
a standard implementation for the dual action (10.7). We obtain (10.7) that the dual 
action satisfies the saturation property introduced in chapter 7; we introduce a third 
technical property (property (B) in 10.10) which is satisfied by the dual action (10.12). 

10.1. Proposition. Let's take the hypothesis and notations of 9.9 and 9.11; then : 
(i) there exists a unique normal semi-finite faithful weight ipQ on A such that : 

at^^ = {xGDT^,A^(x)G/mV} 

and such that we may identify H^^ with ImV , A^^ with the restriction of to ^^y, and, 
for any ?/ G A 35, ^^o(z/) to the restriction of n^y) to ImV . 

(a) let us write V the unitary from onto H^^ defined, for all E G Hq,, 

V V 

by VS = Vr.; then we have, for all y in A xi ^ ^ '■ 

(Hi) the linear set generated by the elements of the form (1 h®a o)x, with a G '^fc H 

N 

and X G is dense in A yi^^. 

Proof. Using 9.10, we get that {x G D^^, A^(x) G ImV} is an ideal of A C!5, which is 
dense by 9.11; then, we can apply ([V2], 7.4) to obtain (i); result (ii) is then straightfor- 
ward. Result (iii) is also a corollary of 9.10 and 9.11. □ 

10.2. Proposition. Let's take the hypothesis and notations of 9.9, 9.11 and 10.1; let us 
define the unitary from a®i3 onto i,®^ by the formula : 

U° V 

= V*Ji,o^iJ^ a®p J$) 

Then : 

(i) for all y in (A x^ 0)", we have y = U^n^y) a®p l)f/^; 

N" 

(ii) for all t eM., we have <jf°{y) = crfiy); 
(Hi) we have U^J^ b<S)a J$) = {J^} a®p 
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Proof. Let us first remark that it is possible to define on elementary tensors an antilinear 
surjective isometry J^a^/sJ^ from H^a^pH,^ onto H^h^aH^, whose inverse is J^,b®aJq,^ 

which is defined the same way. 

Let us take now y G D{afi^] we have, for all x G a G DTjc H : 

N V 

' N V 

which is equal to : 

V{J^T^^[al^{y)YJ^ b®^ 1)V*At [(1 a)x\ 

' N N 

As the linear set generated by all the elements of the form (1 b®cx o)^ is, by construction 

N 

oiipQ, a core for A^^, we get that, for any X G we have : 

k^^{Xy) = ViJ^7T4af^,iy)rj^ 1)V^*A^-JX) 



from which we deduce that y belongs to D^afl'^), and that : 

which can be written also, thanks to lO.l(ii) : 

at;,iy) = U47r4at^,iy))a®pl)U; 



N° 



Taking the adjoints, we get that, if y' belongs to D{(T^-^^), then y' belongs to D{(T^''-^^), 
and : 

cr%,iy') = U4n4a%,iy'))a®, l)U; 



N° 



If now z belongs to D{a^j), then z belongs to /^((T^^yg)' ^.nd 



N° 

But, as o"^j(2;) belongs to D{af^^), cr'ti{z) belongs to D{af°^) and : 



N° N° 



and we get that o"^°/2('^) ~ ^i/2(^-j(-^))' therefore, z belongs to -D(cr^°), and cr'^i^z) 



a_^{z). Then, using ([H], 4.3 and 4.4), we obtain (ii). Let us return now to the formula 
obtained for y G D{af^^); we had obtained : 

af;,{y) = U^{7r4af^,{y)),®pl)U; 

N" 

Using (ii), we get : 

^^iy) = U^n^iafjy)) a®/3 l)U^ 
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from which, by density, one obtains (i). 
From the definition of U^, one gets : 

V 

and the formula (iii) is straightforward. □ 

10.3. Proposition. LeVs take the hypothesis and notations of 9.9, 9.11 and 10.1; then, 
the weight tpo is -invariant with respect to the dual action a. 

Proof. By 8.2 apphed to 0^, we know that is (5~^-invariant with respect to the action 
of on M' . Moreover, by 4.5 apphed to V^, we get that : 

N" 

for aU a E ^^c, ^ E D({H^)i3,i'°) and 7] E Z^((i/$)/3, z/°), such that S~^^'^r] belongs to 
D{s,Hi^,u). 

Therefore, for any x E DT^, and a E ''Xlfc fl DTjc, we have : 

^^0 [(^^ b®a a)x)] = A^^ [(1 b(g)a {id a* UJ^,^)f'' {a)x] 

j\[o N N ]\fo 

which is equal to : 

V[A^{x) b®a A$c[{ida*p w^,g)P(a)]] 

= V[l {id * u^.^/o,){W°')]{A4x) b®a A$c(a)) 

N ' V 

= V[l {td * iu^-^f..){W'"')]V*A.{{l a)a{x)) 

which, by definition of ipo, and the closedness of A^^, allows us to write, for all X E ^^^^ 
A^^((zrf<,*^^,,^)a(X)) = V[l {td*u;^,,;,^^^){Wn]V*A^^{X) 

7V° A'' 

Taking now {^i)iei an orthogonal {(3, i/°)-basis of Hip, we have : 

M{'ida*(} ujr,)a{X*X)) = V \\A^^{{id&*i3 u;r,,5Ja(X))f 

NO . NO 

which is equal to : 



J2 II [1 ^>®a {^d*u;^-./.^^^J{Wn]V*A^^{X)r = 

i 

= 11(1 WnV*{A^^{X) p,®^ r^/^r/)f = ||A^^(X) 

where we put, for n E N, Po{n) = ^^^(1 Q^(^*))-'v'o' Which is the result. □ 

10.4. Lemma. Let {b, a) be an action of a measured quantum groupoid (5 on a von Neu- 
mann algebra A, and let ip be a normal semi-finite faithful weight on A. Let A be 
the crossed product, andtpo be the weight defined in 10.1. Then, the linear span generated 
by the elements '7i^^^{x*)V{A^,{y) ti®a ^$c{a)), where x, y belong to 91^ and a belongs to 

'^fc n Dljc n n is a core for S^^, and we have : 

S^,-^^,{x*)V{^M b®a A$c(a)) = T:^^{y*)V{A^{x) b®a A$c(a*)) 
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Proof. By definition of ipo (10.3(ii)), tfie linear span generated by tlie elements {lb^aO')x, 

N 

where a belongs to fl ^^c, and x belongs to DT^ is a core for A^^. We deduce easily 
the result from this. □ 

10.5. Proposition. Let {b, a) be an action of a measured quantum groupoid (5 on a von 
Neumann algebra A, and let ip be a normal semi-finite faithful weight on A. Let A 
be the crossed product, andtpo be the weight defined in 10.1. Then, the unitary defined 
in 10.2 satifies, for all b & M : 

(1 b<S)a J^bJ^)U^ = U^{1 a®l3 J<!>bJ^) 
N NO 

Proof. Using the notations of 4.7 and 10.4, we have : 
(1 JM)V*S^,n^^{x*)V{A4y) b^a A5.(«*)) = 



N 



(1 b^a J^bJ^)V*7r^,^{y*)V{A4x) b^a A$c(a)) 

A'" u 



which is equal to 



(1 6®a J$&J<i.)2/*(Av'(x) Asc(a)) = y*(l 6®a J$6J<i.)(Av.(a:) 6®a Ag,(a)) 

N u N V 

= y*{K^{x) b®a Jii,bJ^A^,{a)) 

u 

Using 3.10(v), we get that, for all t G M, A| J$6J<j>Aj** belongs to M', and we define this 
way an automorphism group Ht of M'; if we suppose that J^R{b*)J^ belongs to D(yU_j/2), 
we get that : 

J<s>bJ<pA^^{a) = J^A^'^^'^ ij,_i/2{J.i.R{b*)J<s>)A^,{a*) 
and, therefore, using 10.4, we get : 

(1 b®a JM)V*S^n.{x*)V{{A4y) b^a A$e(a*)) 

N V 

= y*{A4x) b^a J$A^'^'fi_i/2{J^R{b*)J^)A^^{a*) 

V 

= V*n^,iylV{A4x) b^a .hA-y^^i.i,2{.hR{b*)J^)A^M*) 

V 

= y*S^o''i'o(^*)^(My) b®a ^^-^/2{J<,R{bnJ<^)AUa*)) 

V 

= V*S^^Vx*iA4y) b®a fx^.i/2iJ^Rib*)J^)A^^{a*)) 

V 

and, by the closedness of S^^^ , we get : 

N ^ ^ N 

Taking the adjoints, we have J$i?(6) J$ e D(/Xj/2) and : 

(1 b^a ^^^/2{J^R{b)J^))V*FrV C V*F.V{1 J^b*J^) 

Therefore, if we suppose that J^bJ^ belongs to we get : 



(1 J^bJ^)V*A^ V C V*A^ V{{1 b®a fi-i{J>^bJ^)) 
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So, for any X G L{H^ b®a H^), let et{X) = V*A^VXV*Ari^^V; we then get that 
(1 J^bJ^) belongs to D{e^i), and, therefore, for any b in M, we have : 

N 

Q(1 6®q J$6J$) = 1 6®Q fIt{J'}>bJ<i.) 
N N 

and : 

(1 6®„ J^bJ^)V*J.V = V*J.V{1 J^R{b*)J^) 

N ^ ^ N 

and, therefore : 

(1 J^bJ^)U^, = U^{1 b®a J-S>bJ^) 

N N 

□ 



10.6. Corollary. Let (6, a) be an action of a measured quantum groupoid <3 on a von 
Neumann algebra A, and let ip be a normal semi-finite faithful weight on A. Let A 
be the crossed product, and ipQ be the weight defined in 10.1. Then, for all n & N , we 
have : 

Proof. We have, using lO.l(ii), 
which, using 10.2, is equal to : 

TV AT Af° 

and, using 10.5, is equal to : 

VU4I Kn))U;V* = V{1 b®a hn))V* 

ATo N 

□ 



10.7. Theorem. Let (6, a) be an action of a measured quantum groupoid & on a von 
Neumann algebra A; let A yia^ be the crossed product, a the dual action of 0^ on 
y4 xIq 0, and let tp be a normal semi-finite faithful weight on {A xi^ (i5)". Let ipQ be the 
weight defined in 10.1. Then, 

(i) the weight ipQ is -invariant with respect to the dual action a, and bears the density 
property defined in 8.1. 

(a) there exists a standard implementation of the dual action on the Hilbert space H^^. 
(Hi) the dual action is saturated. 

Proof. As V[D{{H4b, 6®a D{aH^, v) n D{{H^)^, is dense in H^^, we get that ipo 

V 

bears the density property defined in 8.1; so (i) is then given by 10.3. Then (ii) is given 
by 8.10(i), and (iii) is given by 9.7 and 8.10(ii). □ 
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10.8. Theorem. Let (6, a) be an action of a measured quantum groupoid <3 on a von 
Neumann algebra A; let Axi^^ be the crossed product, a the dual action of (5'^ on Ax^^, 
and let ip be a normal semi-finite faithful weight on (A <3)°. Let ip be the lifted weight 
defined in 9. 9, and ipQ be the weight defined in 10.1. Then : 

(i) we have ip = ipo! 

(a) the linear set generated by the elements of the form (1 with a G D^Tjc H 

N 

and X G is a core for A^. 

(Hi) the weight ip is -invariant with respect to the dual action a, and bears the density 
property defined in 8.1. 

Proof. Thanks to 10.7(i), we can apply 8.8(ii) to the action d and to the weight ipo, and 
we have, for any x G A xi „ C5 : 

~a{af%x)) = {at f^,a5;°^Vf)a(x) 

N° 

and, using 3.8(vi) and (vii) apphed to we get that, for any positive a; in A xi^ 0, we 
have Ta((Tf°(x)) = af^{Ta{x)), which imphes, using 10.2(ii), that : 

Uat{x)) = at{Ux)) 

and, therefore, ^{af°{x)) = ijj{x). 

By construction (lO.l(i)), we have iIj{x) = ipo{x) for all x G 971^^; from which we can 

deduce now (i). Then (ii) is just given by (i) and the definition of V'o, and (iii) by (i) and 
10.7(i). □ 

10.9. Proposition. Let & = [N, M,a, (3,r,T,T' ,u) be a measured quantum groupo-id, 
aSjb a N — N bimodule, A a von Neumann algebra such that b{N) G A G a{N)' , V a 
corepresentation of C5 on a^^b which implements an action (6, a) of (3 on A; let A yia^ 
be the crossed-product, and a the dual action of of {^Y on the crossed product; then : 

(i) Ay^,ecV{L{S)) a*/3M')V* 

N 

(ii) {A x„(S)° C Sata. 

Proof. We have obtained in 7.4(ii) that 1 b®c M' C V{L{^) a*p M')V*] as a{A) = 

N N 

V{A a® 13 ^)V*, we obtain (i) by definition of A Xa C5. Then (ii) is a corollary of (i) and 

N° 

9.4(iii). □ 

10.10. Definition. Let (5 = {N, M,a, f3,r,T,T' ,u) be a measured quantum groupo-id, 
A a von neumann algebra, {b, a) an action of on A; following ([ESI], 115), we shall say 
that o satisfies property (B) if we have a{A) = (A x^ ©)". 

10.11. Proposition. Let (5 = {N, M,a, l3,r,T,T' ,u) be a measured quantum grou-poid, 
aSjb a N — N bimodule, A a von Neumann algebra such that b{N) G A G a{N)' , V a 
corepresentation of & on aS)b which implements an action [b, a) of (3 on A; let A xi a & 
be the crossed-product, and a the dual action of of {(5Y on the crossed product; let us 
suppose that the action a is saturated, in the sense of 7.3. Then, the action a satisfies 
property (B) (in the sense of 10.10). 

Proof. Using 9.4(iii) and 10.9(ii), we have : 

a{A) c {A x„(!5)^ c Sata 
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Therefore, the result is trivial. 



□ 



10.12. Corollary. Let (S = (A^, M, «, /3, F, T, T', z/) be a measured quantum groupoid; let 
A be a von Neumann algebra acting on a Hilbert space Sj, {b, a) an action of & on A; the 
dual action a of {<3Y on the crossed product A © satisfies property (B) of 10.10. 

Proof. This is a straightforward corollary of 10.7(ii) and 10.11. □ 



11. BiDUALITY 

In that chapter, we prove a first version of biduality theorems (11.3, 11.4), which 
implies that any action satisfies properties (A) (11.5(ii)) and (B) (11.5(i)). We then get 
the biduality theorem (11.6) and commutation theorem (11.7). 

11.1. Lemma. Let = {N, M,a, (3,r,T,T' ,1/) be a measured quantum groupoid; let A 
be a von Neumann algebra acting on a Hilbert space S), {b, a) an action of (5 on A, A 
the crossed product of A by & via this action. Then, we have : 

[{a b*a id)a{A) U 1 b®a M' L{H^)]" = A x„ L{H^) 

N N N N 

Proof. We have a{A) C Ab*a ^{H,;,), and, therefore: 

N 



[a b*a id)a{A) c a{A) b*a ^{H^) 

N N 



from which we get : 



[(a b*a id)aiA) U 1 b^a M' p*^ ^H^)]" C A x„ £(//$) 

N N N N 

Conversely, let X G ^{Sj) b*a M, such that X 1 commutes with {ab*a id)a{A). As, 

TV AT N 

for X G v4, we have, using 3.12(v) : 

{ab*aid)a{x) = (ZC/ b*^ r)a(x) = {I b®a Cr^l^V^)*(o(x) b<S)a o'uW°au) 

N N N NO N 



and, therefore 



a(a;) a® is 1 = (1 6®a (T^W°a^){a b*a id)a{x){l b^a OyWa^y 

NO N N N 



As X belongs to ^(i?) b*a M, we get that : 

N 

(1 b®a a^W°a^){X 1) = (X 1)(1 a^Wa^) 

N N N° ^ 

and, therefore, we get that X 1 commutes with a{x) a® (3 l, which means that X 

NO N° 

belongs to a{A)'] as X belongs to ^{S^) b*a M, we finally get that X belongs to {A x^©)'. 

N 

So, we have proved that : 

[{ab*atd)a{A)Ulb®aM' f3*aL{H^)]' c [A x„ 6 £(i7$)]' 

N N N N 

from which we get the result. □ 
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11.2. Proposition. Let (5 = {N, M,a, f3,r,T,T' ,1/) be a measured quantum groupo-id; 
let A be a von Neumann algebra acting on a Hilbert space Sj, {b, a) an action of (5 on A, 
a the dual action of {&Y on the crossed product A xi^ (25, a the bidual action of (0)°'^ on 
the double crossed-product (A 0) xi^ (5° ; we shall denote : 

A = {a{A) U 1 fe®, a{N)')" 

N 

and, for any X & A : 

a{X) = (1 b<S)a a^oWayo){id b*a '^7v)(a b*a id){X){l i,(S)a a^oWa^o)* 

N N N N 

Moreover, for any Y G L{S) we define : 

I' V 

e(r) = (1 fe®^ (T^W^V^)F(l b®o. a^W°(J^)* G L{9j b®a a®/3 H^) 

V N u I/O 

Then, for any X & A, we have : 

eiab*aid)iA) = {A x„(5) x^i©" 

N 



{Q{a b*a id) b*a '^&)a{X) = aoQ{ab*a id){X) 

N N N 

and, for any Z G A x„C!5, we get that Q{ab*aid){Z) = ci{Z). 

N 

Proof. Let x G A; then a(x) G A, {ab*a'id)a{x) = {idb*a^)<^{x), and, using 3.12, we have 

N N 



6(a b*a id)a{x) = a(x) a^f^ 1 
Let y G M'; then 1 b^a V & A, (cib*a id){l b^a 2/) = 1 6®q 1 /3®a U, and, using 3.10(iii) and 

N N N N N 

3.12(iv), we get : 

e(a b*a id)il b^a y) = 1 b®a T^iv) 

N N N 

So, for any Z G A X(j 0, we get that 6(a b*a id){Z) = a{Z). Let now z G M'; then 

N 

1 z e A, {a b*a id) (1 z) = 1 b®a 1 /3®q z, and : 

N N N N N 

e(a b*a id){l b^a Z) = 1 b®a 1 a®/3 Z 
N N N N° 

from which we get that Q{ab*aid){A) = (A X(j0) Xj©". Moreover, using 3.6, we deduce 

N 

from {ab*a id)a{x) = {id b*a ^)<^{x), that, for all x G A, we have a(a(x)) = o(x) 1- 

N N" ' 

From which we deduce that : 



{Q{ab*aid) b*a'^&)^{a{x)) = a(x) 1 a®^^ 1 

N N N° N 

= a{a{x)) 1 

N 

= a(a(a(x))) 

= ao Q(ab*aid)a{x) 

N 
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For y e M', we have ci(l b®a y) — 1 b®a y R®a 1 and, therefore i 



TV N N 



(e(a h*a id) b*a J©)a(l b®a y) = 1 b^a T'^iy) g 

a(l b®a y) 
a(a(l b®a y)) 



N N N N 



N 

= aoe{ab*aid){l b(S)ay) 

N N 

from which we deduce that, for all Z G A C5, we have : 

{Q{ab*aid) b*a'^e)a{Z) = a{a{Z)) = a o Q{a b*aid){Z) 

N N N 

For z G M', we have (a b*a id){l b^a z) = 1 b®a 1 i3®a z and : 

N N N N 

0(1 b®a Z) = (1 b0a b®a (W {1 p0a z)W*)){l b®a Oy.) 

N N N N N 

AsW= (Jj f3(^a J'i>)W*{J^ f3(S)a wc get that : 

N N 

a(l b®a Z) = {idb*a'^N'')i^ b®a (J^ /3®a J$)r( J$) ( Jj ^(g)^ J$)) 
JV AT Ar° jv AT 

and : 

(e(0 b*a id) b*a '^&)a{l b^a z) = 1 b^a 1 q®/3 T°''{z) 
N N N N N° 

= a{l b®al a'S)f3 z) 
N 7V° 

= aoQ{ab*a'>'d){l b®a z) 

N N 

from which we get the result. □ 

11.3. Proposition. Let C5 = {N, M,a, f3,r,T,T' ,1/) be a measured quantum groupo-id; 
let A be a von Neumann algebra acting on a Hilbert space Sj, (6, a) an action of (5 on A, 
a the dual action of ((S)^ on the crossed product A (25, the bidual action of {(3)°'^ on 
the double crossed-product (A 0) Xj C5°; then, with the notations of 11.2 : 
(i) (1 b®a /3, a) is an action of & on A; 

N 

(a) this action satisfies property (B); 
(Hi) A^ = A x„(!5 

Proof. Thanks to 11.2, we get that, for any n E N : 

a(l6®„/3(n)) = {idb*a'iNo){l b^a I3^a J<S>)'r{a{n)){J^ J'S')) 

N TV 7V° jv N 



lb<S)a 1 0<S)a/3in) 



^ N 



On the other hand, we get, using 11.2, for any X E A, that : 

(e(a b*a id) b*a J© b*a 3©)(a(X) f3*a id)a{X) 

N N N N 
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is equal to : 



{ao Q (a b* aid) b* a '^e)a{X) = {a &0a'>'d)aoQ(ab*aid){X) 

N N ^ N 



= {idb®&T'"')aoQ{ab*aid)iX) 

N N 

= {e{ab*atd)b*aT°' oJ^)a{X) 

N N 

which is equal to {Q{ab*aid) b*a'^&b*a'^&){id ^*a^)^{X), from which we get (i). On the 

N N N N 

other hand, we have : 

ie{a b*a id) b*a^&){A >i a = (6(0 fe*^ ic?) J©) (a(A) U U®„ 1 M')" 



/3-< 

1 

{a[{A x„ 6) >^a ^1 U U®« 1 M)" 

^ N 



N N N N ^ N 
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Using then 9.4(iii), we get that : 

(6(a b*a id) b*a ^&){{A >^a ©)^) = (6(a b*a id) b*a ^&){{A >^a © H A M) 

N N N N N 

which, using 11.2 and 9.4(iii) again, is equal to : 

[(Ax„6) xa6°] x=6°'=npx„0) xag°] M' = ([(Ax„C5) x^g"] x=6-)^ 

N° 

which, using 10.12, is equal to a[{A x^ C!5) x^ C5°], and, therefore, by 11.2 again, is equal 
to (6 (a b*a id) b*a J©)a(i4). From which we get that {A Xa = ^(A) which is (ii). 

N N 

Using 11.3, we get that X in A belongs to A~ if and only if 6(o b*a id){X) belongs to 

N 

[{A Xq0) XaC5°]°, which, using 10.12, is equal to a{A x^tS), or, using 11.3 again, is equal 
to Q{ab*a id){A Xq (3); from which we get (iii). □ 

N 

11.4. Proposition. Let & = [N, M,a, (3,r,T,T' ,u) be a measured quantum groupo-id; 
let A be a von Neumann algebra acting on a Hilbert space Sj, {b,a) an action of C5 on 
A, a the dual action of (25)^^ on the crossed product A xia^, a the bidual action of {&)"'^ 
on the double crossed-product {A x^ 0) Xj 0°; let's use the notations of 11.2 and 11.3. 
Then, we have : 

A X„ 6 = {%d b*a ^7V°)[(1 fe®a W){Ay4,& p*^ L{H^)){1 b®a W)*] 

N N N N 

Proof. By definition of Ai we have : 

a(A) = {id b*a ?7V°)[(1 W){{a b*a td)a{A) U 1 b®„ 1 fS0a a{N)')"{l b®a W)*] 

N N N N N N 



and A Xo ® = i^iA) U 1 1 M')". But, on the other hand, using 3. 11 (iii), we get 
that W*{M' 1)W is equal to : 



N° 

(J^ a®p J'^)W{J^ a®^ J$)(M' a®p 1)(J$ /3®a J<!>)W*{J^ p®^ -U) 

j\[o j\io A'" N 



(J$ a®p J$)r(M)(j5 J$) 

7V° N 
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Therefore, we get that : 

M' 1 = W{J^ J<,)f°(M)(J5 J^)W* 

No ]\fo N 

and : 

1 M' = ^^o[l^(Jj J$)f°(M)(Jj J$)l^*] 
Moreover, we have : 
(J$ a®^ J$)r(M)(J5 J$) U (1 a(iV)')" = 

Afo N N 

= ( J$ J*) [r°(M) u 1 /3(iv)']"(( j$) 

which, by 7.2 apphed to 0°, is equal to : 

{J^ a®p J$)(M 'C(i7$))(J5 J$) = M' 

ATo Af" -'V A'" 

Therefore, we get that A x „ is equal to : 

{id ^iV°)[(l b®a W){{a b*a ld)a{A) U 1 f,®, M' ^{H^))"{1 ;,®„ W^)*] 
AT AT AT N N JV 

which, using 11.1, gives the result. □ 

11.5. Theorem. Let <3 = {N, M ^a, (3,T ,T,T' he a measured quantum groupoid; let 
A be a von Neumann algebra acting on a Hilbert space Sj, {b, a) an action of (5 on A, a 
the dual action of on the crossed product A xIq C5. Then : 
(i) a satisfies property (B), i.e. we have : 

(Ax„0)° = a(A) 

(a) a satisfies property (A), i.e. we have : 

(a(A) U 1 fc®, a{N)')" = A L{H^) 

N N 

Proof. Let's use the constructions and notations of 11.2, 11.3 and 11.4. Using 9.4(iii), we 
have {A ><„ (S)^ = A x„ (25 n b®a H^) /j*^ M, and, therefore, using 11.4 and 9.4(iii) 

again, we have : 

{A x„ = [id ^^o)[(l W){{A X, 0)^ p*^ L{H^)){1 Wy] 

N N N N 

But, by 11.3, we have : 

{A x„ (5Y = aiA) = {id t*a ?iv°)[(l b®a W){a t*a td){A) ^H^)){1 ,®« W)*] 

N N N N N 

from which we deduce that {A yia^)^ i3*a^{H<i>) = {ab*aid){A), from which we get that 

N N 

{A xia <S)° p*a C a{A) i3*a and we deduce that {A x^ 0)" C a{A), which, 

AT N 
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thanks to 9.4(iii), gives (i). 
But we have now : 

{ab*aid){Ab*a^{Hq,)) = a{A) p*^. £j{H^) 

N N N 

N 

= {ab*aid){A) 

N 

which gives (ii). □ 

11.6. Theorem. Let (5 = {N, M,a, l3,r,T,T',u) be a measured quantum groupoid; let 
A be a von Neumann algebra acting on a Hilbert space Sj, {b, a) an action of & on A, a 
the dual action of on the crossed product Axia^, a the bidual action o/(C5)°'^ on the 
double crossed-product {A xi^ C5) xij C5°; let us define, for any X E A b*a ^{H<i>) ■' 

N 

a{X) = (1 auoWauo){id b*a '^N){a b*a id){X){l b0a OycWoyo)* 

N N N N 

Moreover, for any Y G ii{S) b®a p®^ Hi^), we define : 

e(F) = (1 b®o. a,W°a,)Y{l a.Wa,)* e b^a 

V N V yO 

Then, for any X E A b*a ^{H<s>), we have : 

N 

Q{ab*aid){Ab*aSi{H^)) = {A x„6) xaS° 

N N 

{Q{a b*a id) b*a 'J&)a{X) = aoe{ab*a id){X) 

N N N 

and, for any Z e A x^tS, we get that Q{ab*aid){Z) = a{Z). 

N 

Then (1 b^a l3,a) is an action of (5 on Ab*a ^{Hc^,), and : 

N N 

{A b*ai^{H^))- = Ay^a^ 

N 

Moreover, for any X E {A b*a ^{H^))~^ , we have : 

N 

T-^e{ab*atd) = e{ab*atd)Ta{X) = a{T^{X)) 

N N 

Proof. This resuh is given by 11.2, 11.3 and 11.5(ii). □ 

11.7. Theorem. Let (5 = [N, M,a, l3,r,T,T' ,u) be a measured quantum groupoid, 

a N — N bimodule, A a von Neumann algebra such that b{N) G A G a{Ny , V a corepre- 
sentation of (3 on aS)b which implements an action {b, a) of & on A and an action (a, a') 
of (5° on A'. Then : 

(l) Ayi,& = Vm^j) a*p M')V* n A b*a ^H^) 

(ii) A x„, = y*{A x„6)'1/. 

Proof. Using 11.6, we get that X E A b*a 'C (-&<!>) belongs to A x^ if and only if 

N 

X e A b*a PiN)', and a{X) = X g®a. 1, or, equivalently : 

^ N 

{ab*c id)a{X) = (1 b^a W*){1 b^a (^u){X 1)(1 b®„ a^){l b®a W) 
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JV N N N N 



which means (7.4) that X belongs to A i,*a fl SatV , and, therefore, by 7.4(i), we 

N 

get : 

A x„ = V{L{S)) a*p M')V* n A /3(iV)' 
We have seen in 7.4 that V{L{S^) a*p M')V* belongs to a(iV)' b*a PiN)', which gives (i). 

NO N 

From (i), we get that : 

{A >^„ 6)' = {V{1 fe®, M)V* U A' 1)" 

TV TV 

and : 

V*{A = [V{A' b®a l)V* U 1 M]" 

TV N 

which gives (ii). □ 

11.8. Theorem. Let <3 = {N, M,a, (3,r,T,T' ,1/) be a measured quantum groupoid; let 
A be a von Neumann algebra acting on a Hilbert space S^, {b, a) an action of C5 on A; 
then, a is saturated, i.e. we have : 

a{A) = {XeA M, (a b*a id)iX) = {id h*a T){X)} 

TV TV N 

Proof. Let us suppose that there exists a corepresentation V on Sj which implements a; 
using 7.6 and 11.5(i), we get that a is saturated (7.3), which means that we have the 
result. Applying this fact to 6.7, we get that {ab*a id)a{A) is equal to : 

TV 

{X G a{A) b*a M, {ab*a id p*a id){X) = {idb*a id p*a r)(X)} 

TV TV AT N N 

which is the image under (a b*a id) of : 

TV 

{Y e A b*a M; (a b*a id p*a id){a b*a id){Y) = (id b*a id p*a r)(a b*a id){Y)} 

N N N N N M N 

As, {id b*a id p*a r)(ci h*a id){Y) = (a b*a id p*a id) {id b*a r)(^), we get the result. □ 

AT AT TV N N N 

11.9. Theorem. Let = {N, M,a, PjTjTjT',!/) be a measured quantum groupoid; let 
A be a von Neumann algebra, {b, a) an action of & on A and A x ^ its crossed product. 
Then, the linear subspace generated by all elements of the form (l6®Qa.)ci(x), with a G M' 

N 

and X & A, is dense m A xi^ (S. 

Proof. Using 11.5(i), this is a straightforward corollary of lO.l(iii). □ 

11.10. Remark. These theorems (11.5, 11.6, 11.8) are the generalization, up to the 
measured quantum groupoid framework, of biduality theorems ([V2] 2.6, 2.7) obtained 
for actions of locally compact quantum groups, and we followed the same strategy as [V2] 
(which is, in fact, the strategy of [ESI]). These theorems generalizes as well the duality 
theorems for groupoid actions ([Y3], 6.5) and integrable groupoid coactions ([Y3], 7.8). 

12. Characterization of crossed-products 

On this chapter, inspired by ([ESI], V), a measured quantum groupoid (S be given, we 
characterize crossed-products among the von Neumann algebras on which there exists an 
action of (12.3). A corollary (12.5) will be used in chapter 13. 
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12.1. Notations. In this cliapter, we sliall consider a measured quantum groupoid 0, 
its dual 0, and a von Neumann algebra i? on a Hilbert space S^. We suppose that there 
exist : 

(i) a normal faithful morphism /i from M' into B; 

(ii) a normal faithful morphism b from B into B f^oa*i3 M' , such that (/iod, b) is an action 

N° 

of 6^ on B; 

(iii) we have, moreover : b o /i = (/i id)T'^. 

N° 

This last formula implies that, for any n ^ N, b o fi[(3{n)) belongs to {fi o a[N)y and : 
b o n{(3{n)) = {n a*p id)f''{(3{n)) = (/i id){(3{n) a®p 1) = l^{(3{n)) ^o&^n 1 

and, therefore, by definition, o I3{N) C i?"^. 

12.2. Lemma. Let's take the hypothesis and notations of 12.1. Then 

(i) there exists a corepresentation Y of (3 on the bimodule noa^^iop- such that, for any 
C, G D{aH,j,,iy), rj G D^^Hq,)^,^") , we have : 

{id * uJ^,ri){Y) = fi[{id * cU5,^)((or^iyV^)*)] 

(ii) for any b' E B' , we have Y{b' ^o&^p 1) = {b' ^o/3®a 1)^; 

N° N° 

(Hi) for any b E B, Yb{x)Y* belongs to B^ ^op*a ^{H<s>); moreover, if x E B^ , then 

N 

Y( X /^o/3®Q 1)Y* belongs to B^ iio/3*a M; 

N N 

(iv) the coreprentation Yof(5 implements on B^ an action of (5, we shall denote D. More 
precisely, (/i o /?,()) is an action of (3 on B^ . 

Proof. By 3.10(v), can be considered as the standard Hilbert space of M', we can 
identify with M° . Therefore, the Hilbert space ^ is isomorphic (2.3) to the relative tensor 
product {Hq>), where n denotes here the canonical representation of M (resp. M') 

on iir$, and this isomorphism is an isomorphism of right M-modules, which means that, 
modulo the identification of these Hilbert spaces, we have, for all x E M', fi{x) = l^(8)^-x. 

M 

Let us put Y = l^^^n {o'i,W°ay)* . So, F is a unitary from ^o&^p Hq, onto S) ^o/3^a H^. 

As {oyW°ay)* is a corepresentation of C5 on the N — N bimodule Si{H^)i3 (5.6), we get 
easily that F is a corepresentation of C5 on the N — N bimodule 
Moreover, we have then : 

{id * uJi:^r,){Y) = {id id * uj^^r,)[i ,,®7T {(^uW°a^y] 

M M 

= 1^0i,{id*uj^^n){{(yuW°a^y) 

M 

= ^i[{id*uJi:^^){{a,W°a,r)] 

which gives (i). Then (ii) is a straightforward corollary of (i). From (ii), we get easily 
that Yh{b)Y* belongs to B ^0/3*0. ^{Hq,), and, therefore, that {id ^o(3*a ^i){Yb{b)Y*) 

N N 

belongs to B. Let {rjiju^i be an orthogonal (/5, i/°)-basis of We get that the element 
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{'id tioi3*a^i){Y'b{b)Y*) is equal to the sum : 

JV 

Titd ,^p*^LU^)iYe^'''''iVi,Vi)mO^'''''iVj,Vj)Y*) = 

■ ■ N° 

And, as we know that {a^W°a^)* = W^, we get that : 

b[{td,op*^uj^)iYb{b)Y*)] 

N 

is equal to the sum over {i,j) of all following elements : 

b o fi[{id * L^5,^J(iy^)(zd ^oa*/3 id uj.^^^r,,){id ^o&*p f'')h{h)]b o ^{id * ^^5,^^(1^^)* 

N° N° N° 

Using the pentagonal relation for we get that : 

bo;x[(zci*a;g,,J(l?^)] = {^le.*^^d)f%^d*u^,r,:){W')] 

N° 

is equal to (/i a*p id){id * id * t^5,r?J [o-^^lW^" a®/3 a®p cyv)0- W)]. And, as 

N° ' N° N° N° 

{idf,oa*i3^'')b{b) is equal to (l^^;,®^^W^'^)*(l^od®/30■l.o)(b(6)A®/3l)(l 

N° N° N° N° 

we obtain finally that this sum is equal to : 

(/i ld){ld * id * U^)[ali{W''b{b){Wr a®/3 

which can be written : 

{id^o(3*au;c)i4'l('^^(^)'^* = {id^op*aUJ^){Yb{h)Y*) 1 

TV ' Ar° ' N N° 

and, therefore, we get that Yb{h)Y* belongs to ^0/3*0 ^{Hi^). 

N 

Let X e C fioa{N)'. We have obtained that Y{Xf^oa®i3'^)Y* belongs to B^ ^0/3* a^{H <!>)'■, 

N° N 

as it belongs clearly to ^o/3*a-^; we get that Y{x ^oa®(3 1)1^* belongs to B^ ^op*^. 

N N" N 

which finishes the proof of (iii). 
If n G A^, we have : 

M M ^° M 

= If,;.®^ r(/3(n)) 

M 

= If,^®^ 1 /5(n) 

M N 
N 

which gives (iv). □ 
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12.3. Theorem. Let <3 be a measured quantum groupoid, <3 its dual measured quantum 
groupoid, B a von Neumann algebra on a Hilbert space Sj. Then, are equivalent : 

(i) there exists a von Neumann algebra A, an action (6, a) o/(S on A, and an isomorphism 
J between the von Neumann algebras B and A (25. 

(ii) there exists a normal faithful morphism fi from M' into B, a normal faithful morphism 
h from B into B ^o&*f3 M' such that (// o a, b) is an action of on B which satisfies 

b o /i = (/i id)T^. 



N° 

Moreover, we have then : 



and, for any x G M' , we have 



bo J = {J^*pid)b 

N° 

J o Tfa = Ta o a 
3{B') = a{A) 
B = (5''U/i(M'))" 

3 O n(x) = 1 b®a X 
N 



Proof. Let us suppose (i); then, if we define b by b = {J a*f3id) ^ o ao3, and, for x G M', 

N° 

if we put = b<^a x), then, we have (ii). 

N 

Let us suppose (ii); we can use aU notations and resuhs of 12.2. Let us consider the 
action {n o D) of C5 on B^; we have : 

S^Xo(5 = (0(5^)Ul^o/3®aM')" 



N 



{Y{B\oa^pl)Y*Ul^opi^^ M')' 

N° N 



But, for any x G M', we have : 



Y*{l^oP®aX)Y = (U^®^l?"*)(lf,;,®^ l;,o/3®aa;)(U^®^ 
N M M ^ M 

= is^^^^r{x) 

M 

= {na*(3id)T''{x) 

N° 

= bo /i(x) 

and, therefore, we have : 

5^Xo6 = {Y{B\,&®i3l)Y*Ul^o(3®aM')" 

N° N 

= {Yb{B'')Y* U Yb{fi{M'))Y*)" 
= YbiiB"" U fi{M')")Y* 
C Yb{B)Y* 
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For y e B, let us define 3{y) = Yb{y)Y*; so, we get 5^ Xg 6 C 3{B). 
Using 12.2(iii), we get that 3(5) C B'^ ^o/3*a ^{H,^), and, therefore : 

N 

C B" L{H^) n Y{L{S)) ,o&*p M')Y* 

N N° 

which, thanks to 11.7(i), is equal to -B'' xig C5. 

So, we have proved that J(i?) = iJ^Xg©, and we get (i), with A = B^ and (6, a) = (/io/3, O). 
We have already obtained that a o J = (3 a*i3 'id)b, and, for any x G M', we have 

J o fi[x) = 1 X from which we get, from the definition of the crossed-product, that 

N 

B = {B'°U n{M')". □ 

12.4. Corollary. Let's take the hypothesis and notations of 12.1 and 12.2; then, there 
exists an isomorphism ^ from B^ ^op*a onto 5 X[, ^5^^ such that, for all x G 

N 

B^ ^oi3*a '^{H<s>) , we have : 



N 



where 



bdix) = id 1,0(3* a 

N 



e(x) = (l/,o/3®a 0-u°Wai,o){id f,ol3*a'^N){^ tioi3*a'i'd){x){l f,op®a CT^oWaiyo)* 
N N N N 

and J© had been defined in 3.12(vi). 

Proof. Thanks to 12.3, there exist an action (/i o /5, O) of (5 on B^, and an isomorphism J 
from B onto i?*" Xg 35 such that 5 o J = (J id)b. Therefore, we have, using 11.6, there 

N° 

exists an isomorphism 6 such that : 

N° 

= Q{d ^ol3*aid){B^ f,ol3*a^{Hq,)) 
N N 

Let's use again 11.6; for all x E B^ fj,op*a ^{H^), let's define : 

N 

e(x) = {I f,oP®a(yu°Wayo){id f,o(3*a'iN){^ ^,o|3*a^d){x){l ^o(}<^a (TyoWa^oY 
N N N N 



We have then 



f0(c) ^o/3*a id){x) = (e(c) ^of3*a id) ^o/3*q J©)e(x) 
N N N 



Let us define d = {'Ja*i3id) ^ o6(c)^o/3*a^'i) which is an isomorphism from B'^ ^op*a^{H<i>) 

^ N" N N 

onto -B Xf, (5'^] we have then : 

id tiof3*a J©)e(x) = 56(5 f,of3*a id){x) = b3{x) 

N N 

which finishes the proof. □ 
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12.5. Corollary. Let (3 be a measured quantum groupoid, and {b, a) an action of & on 
a von Neumann algebra A; let Aq a von Neumann subalgebra of A°' , and let us write 
D = An Aq, and d = a\D; then : 

(i) {b,()) is an action of & on D; 

(ii) D Xo0 = ^ Xa^nAJ) 

TV 

Proof. Let us define B = A yia^ ^ A'q b*a ^{H^) For x E M', let us put fi{x) = 1 b®a 

N ^ N 

which belongs to B, and let us write b = a\B] for all b E B, and Oq G Aq, we have : 

b(6)(ao 1 1) = a(6)a(a(ao) 1) 

N jv° N° 

= a(a(ao) a®(3 l)a(6) 

= (ao b®a 1 

from which we get that b{b) belongs to Aq b*a ^{H<!>) a*i3 ^iH<!>), and, therefore, to 

N ATo 

B a*f5 M'. So, (yU o d, b) is an action of (5'^ on B, and we can apply 12.3, from which we 

N" 

get that B is the crossed product of 5'' by an action of &. 

But we have E'' = (A 6)'' n b*a ^{H^), which is equal to a{A) n Aq b*a ^{H^) 

N N 

(11.5(i)), and, therefore, to a(-D). We then easily finish the proof. □ 
13. Dual weight; bidual weight; depth 2 inclusion associated to an 

ACTION 

Be given an action {b, a) of a measured quantum groupoid C5 on a von Neumann 
algebra A and a normal semi- finite faithful weight ip on A, we define in 13.1 a dual 
weight ijj on the crossed-product A x^ C5, using property (B) proved in 11.5(i) and the 
weight constructed in chapter 10. We obtain a characterization of these weights (13.3), 
and the GNS construction associated to this weight (13.4). Moreover, we study (13.5) 
then the unitary constructed in 10.2. Using then the isomorphism obtained in chapter 
11 between the double crossed product and A b*a ^{Hij,), we obtain a characterization 

N 

of the bidual weight (13.7), which will allow us to construct, using 13.5, Jones' tower 
associated to the inclusion a{A) C A Xq (13.8 and 13.9(i)). We prove then that this 
inclusion is depth 2 (13.9(iv)) and that the operator-valued weight of this inclusion is 
regular in the sense of 2.2(13.10). 

13.1. Definition. Let (6, a) be an action of a measured quantum groupoid on a von 
Neumann algebra A, and let he a normal semi-finite faithful weight on A; using 9.8, 
we get that the dual action a of on the crossed product A X(j (S is integrable, and, 
therefore, by definition, the operator- valued weight from A x ^ (25 on (A Xn©)*^ is semi- 
finite. On the other hand, using 11.5(i), we know that ci{A) = {A x^^)". So, the formula 
ip = ijj o o Ta defines a normal semi-finite faithful weight on A Xq 0, we shall call the 
dual weight of ip. 

13.2. Example. Let S be a measured groupoid, and a an action of S on a von Neumann 
algebra, as defined in [Yl], [Y2], [Y3]. We have seen in 9.2 that the crossed-product 
defined by Yamanouchi is the same one as ours, and in 9.6 that the dual coaction of S 
introduced by Yamanouchi is our dual action a (of S^) on the crossed-product A x^ S- 
Starting from a normal semi- finite faithful weight on A, in [Yl], [Y2], Yamanouchi defines 
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a dual weight on A S 4.10), using an operator- valued weight defined in ([Y2], 

3.11), which is equal ([^ '2], bottom of the page 665) to our operator-valued weight T^; 
therefore, Yamanouchi's dual weight is the same as ours. 

13.3. Theorem. Let (& be a quantum measured groupoid, and {b, a) an action of C5 on 
a von Neumann algebra A; let ip be a normal semi-finite faithful weight on the crossed 
product A Xo C5; then, are equivalent : 

(i) there exists a normal semi-finite faithful weight ip on A such that ip = ip; 

(a) the weight ip is -invariant, with respect to the dual action a of on the crossed 

product A X(j 0, and bears the density property defined in 8.1. 

Proof. Let us suppose (i): then, we have (ii) by a simple application of 10.8(ii). 

Let us suppose (ii), and let now ^ be a normal semi- finite faithful weight on A, and 9 its 

dual weight; by 8.11, we obtain that {Dip : D9)t belongs to [A xi„ 0)", which is equal to 

ci{A) by 11.5(i). As af o a = a o by definition of the dual weight, there exists a normal 

semi-finite faithful weight ip on A such that a[{D%l) : D9)i\ = {Dip : D9)t. 

On the other hand, by definition of the dual weights, we have : 

{Dij : D9)t = a[{D^ : D9)t] 

From which we deduce that {Dip : D9)t = {Dip : D9)t, which gives the result. □ 

13.4. Theorem. Let (& be a quantum measured groupoid, and {b, a) an action of on 
a von Neumann algebra A; let ip be a normal faithful semi-finite weight on A, and let ip 
be the dual weight constructed in 13.1 on the crossed product A x^©; then, the linear set 
generated by all the elements (1 a)a{x), for all x G Dl^, a G H ^fc, is a core 

N 

for A^, and it is possible to identify the GNS representation of A x^ 25 associated to the 
weight ip with the natural representation on H.^ 5®q H<^ by writing : 

V 

A^(x) A5,(a) = A t[(1 a)a(x)] 

V ^ N 

Moreover, using that identification, the linear set generated by the elements of the form 
a{y*){A^,{x) b®a A^c{a)), for x,y in DT^,, and a in Dl^c n fl fl DT^^ is a core for 

S^, and we have : 

S^a{y*){A4x) b®a A$c(a)) = a{x*){AM Aj^a*)) 

Proof. Thanks to 10.8(i) and (ii), the unitary V constructed in lO.l(ii) is equal to the 
isometry V constructed in 9.11. So, using this unitary, we can identify with H^b^aHip, 

which leads to the first result, using 11.5(i), 9.11 and lO.l(ii). The second result comes 
then from 10.4. □ 

13.5. Proposition. Let <S be a quantum measured groupoid, and {b, a) an action of 
on a von Neumann algebra A; let ip be a normal faithful semi-finite weight on A, and let 
Ip be the dual weight constructed in 13.1 on the crossed product A Xn 0; let us identify 

with Hi^ as in 13.4- Then, the unitary from a®ii onto 

defined by : 

N° 
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satisfies : 

and we have : 
(i) for all y ^ A : 

(a) for allbe M : 

(Hi) for all n E N 



U;{J^ b^a J$) = {U;y{J^ a®(3 J$) 
N jv° 



N° 

(1 j^hj^)m = m{i a^is J^hj^) 

N N° 
N° N 

Um a^fs a{n)) = {a{n) l)m 

N° N 

Proof. Using again 10.8(i) and 11.5(i), the first result is given by 10.2(iii); (i) is given by 
10.2(i), (ii) by 10.5. Applying (i) to y = b{n), we get the first result of (iii); we get then 
the second result of (iii) by using [/^(J^ b^a J$) = {U^)*{J^ a®p J^)- □ 

N 7V° 

13.6. Lemma. Let & he a measured quantum groupoid, and (6, o) an action of (5 on a 
von Neumann algebra A; let {1 b^a l3,a) be the action of (5 on Ab*a^{H) constructed in 

N N 

11.6. Then, for all a in DTj^ and X in A^ , we have : 

Upt^i^a)X{p'C^ia)T) = (1 f'®" a)a{X){l b®. a*) 

Proof. Let us first remark that A^^{a) = J^A^{J^aJ^) which belongs to D^aHis,,^), by 
2.2; on the other hand, let us suppose that A is acting on an Hilbert space Sj; we verify 
straightforwardly that p^" ^^^Y commutes with all Y b®a 1, with Y G A', and, 

therefore, belongs to {Ab*a ^{H))^. 

N 

Let r] in D{S^b, for all in D{{H^)g, u"), we have, using 11.6 : 



We know that (PA°^(a))*^*P|'^ = i^d * LU^^A^^^a)){W*) belongs to 9^$, thanks to 9.11 
applied to (S, and that : 

and, therefore, we get that < Taip'fl , .X{p'f^ (a))*)^^Vb'S)a£. > is equal to : 

= {{uJrj b*a id){X)A^{{id * CJ5,As,(a))(Vr*)|A$(ic/ * iU^.^^^)){W*)) 



N 



{{ujri b*a id){X)a*^\a*^) 

N 



and, finally, we get that : 



<Ta{p'C {a)^(p'C (a))*)'^%®«€ >= ((1 6®a a)a{X){l b®a a*){r] b®a 0\V b®a 
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from which we get the result. □ 

13.7. Theorem. Let <3 be a measured quantum groupoid, and (6, a) an action of & on a 
von Neumann algebra A; let ip be a normal semi-finite faithful weight on A; let A >ia^ 
be the crossed-product, as defined in 9.1, and the dual weight, as defined in 13.1; let us 

consider the dual action, as defined in 9.4, the bicrossed-product and the bidual weight ip. 
We have defined in 11.6 an isomorphism 6 such that : 



e{ab*atd){Ab*a^H^)) = {A x„g5) xaC5'' 

N N 



We have then 



dip oQ(^a b*a id) 
= At 

Proof. Let us remark that ip o Q[ab*a id) is a normal semi-finite weight on A f,*a ^{H,;>), 

N N 

whose commutant is A\^a 1? which is isomorphic to A', and, therefore to A°. Therefore, 

N 

the spatial derivative has a meaning. Let us write it h for simplification. By definition of 
this spatial derivative, for all S in D{H^ Hq>, ip°), S belongs to D{h^/'^) if and only if 

V 

S) belongs to 9Jlt , and we have then : 

i/'o©(a[,*a«'i) 

N 

which, using 11.6, gives that : 

||/.V2s||2 = ^oT,(e'^°(S,S)) 
Let now x, y in 9^^, and a in fl 9^*^^ fl O^j fl we have, for all z G : 

[J^z*J^ b(S)a l){a{x*){A^{y) b®a H-(a)) = a{x*){J^z*J^A^{y) H-(a)) 

N N ^ ' N ^ ' 

a{x*){yJ^Ai,{z) b®a Hna)) 



#c(a) 



from which we get that a(x*)(A^(?/) b®a ^Jc/qO belongs to D{H^ b®a Hq,, tp°), and that : 
Therefore, for x, y in 9^^, a in fl 9^*,^ fl n we get that : 



e^'" {a{x*){A4y) b^a A$.(„)), a{x*){A4y) b^a A$c(„)) = a{x*)pjQ^^^^yy*{pjQ^^J*a{x) 



which, thanks to 13.6, belongs to and we have : 
T^{e^''{a{x*){A4y) b^a A$c(,)), a{x*){A4y) b^a H^a))) 

N ^ ' N ^ ' 



a{x*){l b®a a)a{yy*){l f,®^ a*)a{x) 

N N 
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Using now 13.4, we get that this last operator belongs to OJt^, and, therefore, that 
a{x*){A^{y) b0a-^$c(„)) belongs to DQi^/"^). And, by 13.4, we get that a(y*)(U(g)Q, a*)a(x) 

N ^ ' N 

belongs to DT^ fl and that : 

o T„(e'/'°(a(x*)(A^(2/) A|;c(a)), a{x*){A^,{y) ,(g), Aj^a))) 

N N 

is equal to : 

||A^(a(2/*)(U®aa*)a(x))||2 = ||5'^A^[a(x*)(U®, a)a(|/)]||' 

Therefore, we get that : 

\\h^l^o.[x*){k^{y) Aj^a))!! = || Af a(x*)(A^(2/) A5.(a))|| 



1 II 

and, using again 13.4, as the vectors a(x*)(A^(y) 6®a A5c(a)) are a core for A - , we have 

ll^^'^^^'Cll = ll^y^^ll for C ill D{h^l'^\ from which we get that A^ C /i, and, as they are 
self-adjoint operators, we get the result. □ 

13.8. Theorem. Let & be a measured quantum groupoid, and {b, a) an action of (5 on a 
von Neumann algebra A, A C5 its crossed product; let (1 /5, a) be the action of & 

N 

on A b*a introduced in 11.6; then, the inclusion : 

N 

a{A) C A (S C A ^{Hq,) 

N 

is standard, and the operator-valued weight Ta from A b*a ^{H,^,) to A xia^ is the basic 

N 

construction made from the operator-valued weight from A to Ci{A). 

Proof. Let ip he a. normal semi-finite faithful weight on A, and ip its dual weight on 
Axia^] let us represent the inclusion 0(^4) C A on the Hilbert space H^, which had 
been identified (13.4) with b<^a Hq>, equipped with the natural representation of the 

u 

inclusion. We have then, using 13.5 : 

j^a{A)j^ = J^u;{A,®pi){u;rj^ 

N° 

= {J^ a®p J^){Aa®p^){Ji^b®aJ^) 
TVo N° N 

= A'b^al 
N 

and, therefore, we get : 

J.a(A)V. = (A' 1)' = A b*a ^H^) 

^ N N 

which gives that A b*a is the standard construction made from the inclusion 

N 

a{A) c A x„(S. 

Let T be the standard construction made from the operator-valued weight T^. By defi- 
nition (2.2), we have : 

difj oT 
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which, thanks to 13.7, gives that ifj oT = tfj o 9(a h*a id), and, using 11.6, we have : 

TV 

Ip oT = Ip oTa 

from which we get that T = T^, which finishes the proof. □ 

13.9. Theorem. Let <3 be a measured quantum groupoid, and {b, a) an action of <3 on a 

von Neumann algebra A, A xia^ its crossed product; then : 

(i) the Jones' tower associated to the inclusion <x{A) C A xi^ is : 

a(A) A% 1 C a(A Xa 0) C (A Xa (5) Xa C (A (J5) fi*^ L[E^) 
N° N° 

(a) moreover, the operator-valued weightT^a) from [A yi a* p L^H i^) to [A XnC!5) x^©'^ 

N° 

is the operator-valued weight constructed by successive basic constructions in this tower. 
(Hi) the derived tower is : 

a(A x„ n a{A)') c {A x„ 0) xa n a{A)' 

N° 

C [Ax,<3naiA)'] ^*pL{H^) 

N° 

(iv) let us write i? = A x^ © n (x{A)' , and b = a\B- Then (1 h®a A, b) is an action of 

N 

on B, and we have : 

xt, 0" = (A x„ 0) xa 6" n a{A)' L{H^) 

N° 

(v) the inclusion (i{A) C A x^ 25 is depth 2. 
Proof. We have got in 13.8 that the inclusion : 

a{A) C A Xn (5 c A b*„ L{H^) 

N 

is standard. Let's apply the isomorphism Q{ah*a'id) from Ai)*a^{H<t>) onto (A x^tS) x^C^ 

N N 

defined in 11.6; we then get the inclusion : 

a(A) A®/3 1 C a{A x„ 0) c (A x„ (S) xa 

N° 

of von Neumann algebras on H^p i,®a H<s> «®/3 H<s>', let's apply now 13.8 to the inclusion : 

~a{A Xa(25) C {A x^©) Xa6' 

We get that the basic construction made from this inclusion gives the von Neumann 
algebra {A Xn C5) a*p ^{H<s>), which gives (i). 

N" 

By 11.6 again, we see that the isomorphism Q{ab*a id) sends the operator-valued weight 

N 

Ta on T|. So, applying again 13.8 to this operator- valued weight, we get (ii). 

Now, (iii) is just a corollary from (i), and (iv) is just an application of 12.5. So, we get 

that the derived tower obtained in (iii) can be written as : 

b{B) C Xfa 0^ C L{H^) 
which is standard, by 13.8 applied to the action b; which finishes the proof. □ 
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13.10. Theorem. Let <3 be a measured quantum groupoid, and {b,a) an action of <3 on 
a von Neumann algebra A, A its crossed product, a the action of & on A b*^, 

N 

introduced in 11.6. Then : 

(i) for any x G M'^ , 1 i,®a x belongs to A i,*a iL(iJ<i>) fl a(A)', and we have : 

N N 

Tail b®a X) = 1 r°{x) 
N N 

(a) the restriction of Ta to A b*a fl ci{A)' is semi-finite; 

N 

(Hi) the operator-valued weight Ta from A to Ci{A) is regular in the sense of 2.2. 
Proof. Let X G M'; we have, using 3.11 : 

W{l(}®aX)W* = {J$/3^aJ'S>)W*{la^0J^xJ^)W{J^f3®aJ'S>) 
N N NO N 

= (-^$ -^*)r(J$xJ$)(J|, /3®a J*) 

N N 

and, therefore, using 11.6 : 

a(l b®a X) = {id b*a ^Ar)(l b®a [(^$ J<J>)r( J^X J$) ( /J®^ J$)]) 

N N N ]^ TV 

from which we get, for x positive : 

Tailb'^aX) = 1 b®a J<i>{^ ° R f3*a'>'d)T{Jq,xJii,)Jii, 
N N N 

= 1 J<s^RTR{J^xJ^)J^ 

N 
N 

which is (i). Then, (ii) is just a corollary of (i). 

Let us apply now (ii) to the action a, we get that the restriction of T(5) to the von 
Neumann algebra {A Xa 0) a*p /^{His,) fl a{A x^ C5)' is semi-finite, which, with (ii), gives 

N° 

(iii). □ 

13.11. Remark. The fact that the inclusion a{A) C A x^j (g is depth 2 (13.9(v)) had 
been obtained in ([V2], 5.10) for actions of locally compact quantum groups in a somehow 
different way. 

14. The measured quantum groupoid associated to an action 

In this section, we apply the results of ([EV], [El]), recalled in 3.15, 6.5 and 9.3, to the 
depth 2 inclusion (13.9) ci{A) C Axia^, where {b, a) is an action of on a von Neumann 
algebra A. From such data, we therefore obtain a new quantum measured groupoid 
C5(a) (14.2), and we show that the dual action d of can be considered as an action 
of ©(a) (14.5). As the underlying von Neumann algebra of C5(a) is a crossed-product of 
the relative commutant A x^ 35 fl a(A)' by the restriction of the action a of 0'^, we show 
that the initial measured quantum groupoid can be naturally sent into (S(a) (14.7), and, 
moreover, that, in the particular case when we are starting with an outer action of a 
locally compact quantum group, we recover the initial locally compact quantum group 
(14.9). 
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14.1. Theorem. Let <3 be a measured quantum groupoid, and {b, a) an action of <3 on a 
von Neumann algebra A. Let tp be a normal faithful semi-finite weight on A, and be 
the dual weight on the crossed product A Let us write B for A xi^ fi <^{A)' , b for 
a\B, and M for A b*„ fi a{A)' ; then : 

N 

(i) let us write id for the inclusion of B into M, and j for the anti-*-homomorphism 
j{x) = Jj^x*J-:, which sends B into A b*a fl (A xi^ (3)' (and, therefore, into M). 

Then, there exists T, such that : 

(E,M,zd,j,f) 

is a Hopf-bimodule. 

(a) let us write also j{x) = J^x*J^ the * -anti- automorphism of M ; then j is a co-inverse 
for the coproduct constructed in (i). 

(Hi) let us write T for the restriction of to M; then, T is a normal, semi-finite, 
faithful operator-valued weight from M onto B, which is left-invariant with respect to the 
coproduct r. 

(iv) the isomorphism Q{ab*a'/'d) sends M onto B yii,^'^ and B onto b{B). Let us denote 

N 

ji the * -anti- automorphism of B Xf, 65^^ obtained by transporting j via this isomorphism, 
and Ti the coproduct obtained the same way. Then : 

Xfag^b,JlOb,fl) 

is a Hopf-bimodule, isomorphic to the one obtained in (i), ji is a co-inverse, andT^^ is a 
left-invariant operator-valued weight. 

Proof. We had got in 13.9 that the inclusion a{A) C A x^ (S is depth 2, and, in 13.10, 
that the operator-valued weight is regular. So, we can apply 3.15(i) and (ii). As, by 
13.8, the basic construction made from this inclusion gives the algebra A i,*^ ii{His,), and 

N 

the beginning of the derived tower is i? C M, we get (i), (ii) and (iii). Using 13.9(iv), we 
get the beginning of (iv); moreover, using 11.2, we get that this isomorphism sends the 
restriction of on the restriction of T=, which is T^. □ 

14.2. Theorem. Let us take the notations of I4.I. Let us suppose that there exists a 
normal semi-finite faithful weight x on B, invariant under the modular automorphism 
group (7^° ; then : 

{B, M, id, J, f , f , J o f o J, x) = (5, 5 X (, 0^ b, ji o b, f 1, T~„ ji o T-, o ji , x) 

is a measured quantum groupoid, we shall denote by (S(a). Moreover, the dual action a 
satisfies the same hypothesis, and 0(a) = (5 (a) . 

Proof. This is just 3.15 and 13.9. □ 

14.3. Theorem. Let us take the notations of 14-1 and 14.2; there exists an action {id, a) 
0/0(0) on A Xn (where id means the inclusion of B into A x^ 0, which is a anti-*- 
homomorphism of the basis B° of 0(a) ), such that (A x^ 0)" = a{A), and such that the 
crossed-product [A Xn0) Xn0(a) is isomorphic to Ai)*a Cj{H<s,). More precisely, there 

N 

exists an isomorphism la from {A x^ 0) Xq 0(d) onto A b*a 'C;(-ff$), such that : 

N 

(i) for any x G A x„ 0, we have /■a(a(x)) = x; 
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(a) for any y E A f,*^ L{H^) fl a.{A)' , we have /^(l id® job u) = V, where j{z) = J^z* J^, 
for all z e B (3^ 

Proof. This is just 9.3 applied to 13.9 and 14.2. □ 

14.4. Theorem. Let us take the notations of 14-1, H-S and 14-3; then, the application 
defined, for any x G y G b G D'l^oc fi 9^7'°'= by : 

lX[A^(x) id® job i^xiy) A$°-(&))] = J^^i^iyx) A$°-(&) 

X° v° v° 

is a unitary from id® job onto H,^ such that, for all X ^ (A (S) (S'^, 

X° v° 

we have : 

UXlt* = e o (a b*„ id)h{X) 

N 

and, in particular, for all Y E A xi a & , c G M' , we have : 

Ua{Y)U* = a{Y) 

id®job (1 b®a 1 a®f3 C))U* = 1 b®a 1 &®f3 C 

Proof. Thanks to 14.3 and 11.6, we get that 6 o {ab*a id)I-a is an isomorphism between 

N 

{A XI n (3) Xn (S(a) and (A x^ 25) x^ 25^^, which verifies, for all Y and c : 

eo(a,*„2rf)/^(a(F)) = a(F) 

N 

9 O (a b*(x id)h{l id® job (1 b®a 1 &®I3 C)) = 1 b®a 1 a®P C 

N B° N 7v° ^ N° 

On the other hand, let us put, for all n E N, b{n) = J^a{n*)J^. We have, by definition 
of U^, for all y G 5 : 

my)) = JxHvlJx 

= JxU'^{y*i®am^)*Jx 

V 

= Jxy*Jx 1 

I/O 

= S{y) a®f3 1 
u° 

where s{y) = J^y*J^. Therefore, the identification of A^^x) id®s -^xiv) "with A^^yx) (2.3) 

x° 

gives the definition of IX. 

Let us write {ip) for the dual weight of ip on (A x^©) Xn0(a). Using 13.4 applied to the 
weight X, then to the weight (tp), we get that : 

A^{x) id®job{A^{y) a®(^ A<i.oc{b)) = A^{x) id® job A^{{1 b®a'^ a® (3 b)b{y)) 

= A-j-Ul id® job (1 b®a 1 a®i3 b)b{y))a{x)] 

CV) B° N N° 

As we have a{y) = 1 id® job ^{y), we finally get, using again 13.4 applied to the bidual 

B" 

weight ip '■ 

1XA;7'[(1 id® job (1 b®a 1 a®p b))a{yx)] = AMI b®a 1 a®p b)a{yx)) 

B" N N° ^ N N° 
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which we can write, using the isomorphism J = 9 o (a b*a id)Ia '■ 

N 

lIA'r'[(l (1 1 h))a{yx)] = A-(J[(1 id®job (1 b®a 1 a®/3 b))a{yx)]) 

B° N N° ^ B° N N° 

Using 10.8(ii) apphed to {ip) and to V', we see that these elements are a core for, respec- 
tively, At^ and A = , 

which one gets that 



tively, A^ and A^, and we finaly get that IXA^(Z) = A^(a(Z)), for all Z e DT^. From 



UXU* = Qo{a b*a id)h{X) 

N 

which finishes the proof. □ 

14.5. Corollary. Let us take the notations of 14-1, M-S and 14-3. If we make the iden- 
tification of id® job Hy. with by writing, for any x G D^^, y G DT^^, b e fl D'Tt°'=-' 

B° 

A^(x) id® job i^xiy) A$oc(6)) = ^^{yx) ^0/3 A$oc(6) 

X° v° v° 

we then identify a with a, and, therefore, [id, a) (where id is the inclusion of B° into 
A yia^) is an action of <&{a) on A xi^ 6. 

Proof. Clear by 14.4. □ 

14.6. Corollary. Let us use the notations of 14-1, M-S, 14-3. Then, the dual action 
(jio6, a) of <d{a) = C5(o) on {A xia©) Xj©'^ can be, as well, be identified with the action 
{lb®a'^a®i3P, 5) of (3°'^, and the action (1;,®q-/3, a) of (3 on Ab*a^{H<s>) can be considered 

N N° N N 

as well as an action (j, a) of(5{ay^. 

Proof. Left to the reader. □ 

14.7. Proposition. Let us use the notations introduced in 14-1 and 14-4i ^ct us define, 
for all X G M' , fi{x) = 1 b®a x. We define this way an injective *-homomorphism from 

N 

M' into M. Moreover, we have : 

(i) for all X G M' , ji{fj,{x)) = fi{R'^{x)); in particular, for all n E N , ^{a{n)) belongs to 
N and ji{jj.{a{n))) = lfe®„/3(n). 

N 

(a) for all positive x G M'+, we have Ta{fi{x)) = fi{T°'^{x)). 
(Hi) for all x G M', we have : 

f(/i(x)) - (/i * /i)r°"(x) 
Proof. We have, using successively 13.5, 3.11(v) and 13.5(ii) : 

jl{lb®aX) = Jjlb®aX*)Jj, 
N ^ N ^ 

= U;{J^ b®a J$){1 b®a X*){J^ a®p WiU^Y 
N N N° 

= u;ii,®pR%x))iu;y 

N° 

= 1 b®a R\x) 

N 

94 



which gives (i). Resuh (ii) is just a rewriting of 13.10(i). 

Let us apply now 14.4 and 14.6 to 1 b®a y, with y G M'; we get : 

N 

= a(l b<S)a 1 d®/3 y) 

N No 

= 1 b<»a 1 id^j f (1 fe®Q y) 

N B N 

which, up to the identifications, gives the result. □ 

14.8. Example. Let G be a locally compact quantum group, and let a be an action 
of G on a von Neumann algebra A; by applying 6.4 and 14.6 to a, we can construct a 
measured quantum groupoid C5(a), whose underlying von Neumann algebra is the relative 
commutant A ® Cj{H^) fl a(A)', the basis being B = A xiaG H a{A)'; it can be described 
also by looking at the restriction b of the dual action d of G*^ to B and looking at the 
inclusion of b{B) into the crossed product -B Xt, G'^, which is isomorphic to the inclusion 
of B into A ® ^{H^) fl a(A)'. This example will be studied later on in another article, 
and we need to compare this example with Vainerman's construction made in [Va]. 

14.9. Remark. Let us recall that an action o of a locally compact quantum group G on 
a von Neumann algebra A is called outer when A xin G fl a(A)' = C (which means that 
the inclusion a{A) C A xi^G is irreducible). It was proven in ([EN], [E2]) that any depth 
2 irreducible inclusion of factors Mq C Mi generates a locally compact quantum group 
G, and an outer action a of G*^ on Mi, such that = Mq, and that the crossed product 
Ml Xn G'^ is isomorphic to the basic construction made from the inclusion Mq C Mi; 
conversely, Vaes proved ([V2]) that, for any action a of a locally compact quantum group 
G on a von Neumann algebra A, the inclusion a{A) C A xIq G is depth 2. 

Here, we have constructed from this depth 2 inclusion, a measured quantum groupoid 
(25(a); when the action a is outer, this measured quantum groupoid is a locally compact 
quantum group ([EN], [E2]), and we get (14.8) that this locally compact quantum group 
is G"^. This result was certainly known by specialists, but we were not able to find a 
proof anywhere. 

As Vaes ([V3]) proved that any locally compact quantum group has an outer action (on 
some type I Hi factor), this proves that any locally compact quantum group comes from 
an irreducible depth 2 inclusion of factors, by the construction made in ([EN], [E2]). 
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Appendix 



Appendix A. Coinverse and scaling group of a measured quantum 

GROUPOID 

In this cliapter, we are dealing with a Hopf-bimodule (A, a, /3, M, F), equipped with 
a left-invariant operator-valued weight T, and a right-invariant operator-valued weight 
T' . If V denotes a normal semi-finite faithful weight on the basis, let $ (resp. be the 
lifted normal faithful semi-finite weight on M by T (resp. T'). Then, with the additional 
hypothesis that the two modular automorphism groups associated to the two weight $ 
and \1/ commute (we then say that v is relatively invariant with respect to T and T' (3.7), 
we can construct a co-inverse, a scaling group and an antipod, using slight generalizations 
of the constructions made in ([L2],9) for "adapted measured quantum groupoids". 

A.l. Lemma. Let {N,a, (3, M,r) be a Hopf-bimodule; let us suppose that there exist a 
left-invariant operator-valued weight T , a right-invariant valued weight T' and v a normal 
semi-finite faithful weight on N, relatively invariant with respect to T and T' in the sense 
of 3. 7; we shall denote $ = i/ o o T and \|/ = i/ o f3~^ o T' the two lifted normal 
semi-finite weights on M. Let us denote 6 the modulus of^ with respect to $ and A the 
scaling operator (2.6). We shall use the notations of 2.2.1. Then : 

(i) let X G T^,T' o,i^d n G N and y = CnX, with the notations of 2.6; then y belongs to 
^x^j n^T', is analytical with respect to and the operator a^^i2{y*) 5^^"^ is bounded, and 

its closure a'^.^^iv*)^^^'^ belongs to D'T^; moreover, with the identifications made in 2.6, 
we have : 

(a) let E be the linear space generated by all such elements of the form (T%^2(y*)^'^^'^ ' /^'^ 
all X G T' (I'nd n G N; then E is a weakly dense subspace of and, for all z E E, 
A^{z)eD{{H^)fs,u"); 

(Hi) the linear set of all products < A^{z),A^{z') >f}yo (for z, z' inE) is a dense subspace 
ofN. 

Proof. As e„ is analytical with respect to y belongs to fl O^t^, is analytical with 
respect to and ci%i2{y*)^^^'^ is bounded ([VI], 1.2); as is the modulus of $ with 
respect to we get that a'^_^i^{y*)5^/'^ belongs to D^T^,; we identify A$ ((7*^^2(1/*)^^^^) "with 
A<i>{(y%,2{y*)) = J^A^iy), which is (i). 

The subspace E contains all elements of the form o"*.^2(^*)^^^^^*i/2(^") ^ '^<1',t'), and, 
by density of 7\ji^t' in M, we get that the closure of E contains all elements of the form 
aCnS'^/'^S^^'^a'^-^^i^n) = ae„(j*jy2(6n)5 for all a G M; now, as e„(T*jy2(6n) is converging to 
1, we finally get that E is dense in M; as A$(£') C J^A^(DT^ H^t'), we get, by 2.2, that, 
for all z in E, A^{z) belongs to D{{Hq,)p, i/°); more precisely, we have : 

i?^'^°(A^(a*/2(x*)5V2^;i'.^^(e„))) = RP^'^\j^A^{e^x)) = Aricr^x) 

Therefore, the set of elements of the form < A$(z), A$(z') >/3,i/o contains all elements of 
the form (3~^ o T'{x*enenx), for all x in T,i,^t' and G N; as we have : 

T'{x*enenx) = AT'(e„a;)*AT'(e„x) = AT'(a;)*e*e„AT'(x) 

we get that its closure contains all elements of the form j3~^ o T'{x*x), and, therefore, it 
contains o T'(97lJ,), which finishes the proof. □ 
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A.2. Definition. As in ([L2], 9.2), we can define, for all A G C, a closed operator A^q,C 



A 

N° 

A^, with natural values on elementary tensor products; it is possible also to define a 
unitary antilinear operator J$ J$ from Hq, onto if# (whose inverse 

N° N° N 

will be J$ by composition, we define then a closed antilinear operator 5'$q®^S'$, 
with natural values on elementary tensor products, whose adjoint will be -F$ 

AT 

A. 3. Proposition. For all a, c in (91$ fl 91r)*(Dl^ fl 01^/), 6, m T*,t' ^^^^^ fi'; ^ E, 
the following vector : 

U*^Jig*)[AM P®. (Aj;^^. (,.)))*t/H.(A^(a) A$((crf)*))] 
belongs to D^Si^, S^), anc? i/ie wa/ne of a^{S<s, a®p 5*$) on i/izs vector is equal to : 
UljJ{h*)[K^{g) p®^ (Aj" J*f/H,(A^(c) A$((a6)*))] 

Proof. The proof is identical to ([L2],9.9), thanks to A.l(ii). □ 

A. 4. Proposition. There exists a closed densely defined anti-linear operator G on 
such that the linear span of : 

A$((crf)*)) 

' v° 

with a, c in {''Jl,}, fl Dlr)*(^* H 01^')? "^^.t', a core of G, and we have : 

G[{>^^Ci^^^^,*))yUH,{^^{a) A$((crf)*))] = (Aj;(^.^(,.„)*f//.JA>,(c) A4(a6)*)) 

Proof. The proof is identical to ([L2],9.10), thanks to A.l(iii). □ 

A. 5. Theorem. Let {N,a, (3, M,r) be a Hopf-bimodule; let us suppose that there exist a 
left-invariant operator-valued weight T, a right-invariant valued weight T' and v a normal 
semi-finite faithful weight on N, relatively invariant with respect to T and T' in the sense 
of 3. 7; we shall denote ^ = u o o T and = u o f3~^ o T' the two lifted normal 
semi-finite weights on M . Let G be the closed densely defined antilinear operator defined 
in A. 4, and let G = ID^^"^ its polar decomposition. Then, the operator D is positive 
self-adjoint and non singular; there exists a one-parameter automorphism group on M 
defined, for x G M, by : 

Ttix) = D-'^xD'' 

We have, for all n E N and t eM. : 

Tt{a{n)) = 
n(/5(n)) = P{a^{n)) 

which allows us to define Tt /j*^ Tt, Tt /j*^ erf and af /j*^ r_t on M p*^ M; moreover, we 

N N N N 

have : 

T oTt = {Tt /3*a n)r 

N 

T oaf = {n i3*a (yf)T 

N 

r o af = (af /3*a r_Or 

N 
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Proof. The proof is identical to [L2], 9.12 to 9.28. 



□ 



A. 6. Theorem. Let [N, a, (3, M, T) be a Hopf-himodule; let us suppose that there exists a 
left-invariant operator-valued weight T, a right-invariant valued weight T' and v a normal 
semi-finite faithful weight on N, relatively invariant with respect to T and T' in the sense 
of 3. 7; we shall denote $ = zy o o T and = u o f3~^ o T' the two lifted normal 
semi-finite weights on M . Let G he the closed densely defined antilinear operator defined 
in A. 4, and let G = ID^^'^ its polar decomposition. Then, the operator I is antilinear, 
isometric, surjective, and we have I = I* = P ; there exists a *-antiautomorphism R on 
M defined, for x G M, by : 

R{x) = Ix*I 

such that, for all t G M, we get Ro n = Tt o R and R^ = id. 
For any a, b in Dl-i, fl DIt' we have : 

^((t^j*Aa,{a) (3*a id)T{b*b)) = {ujj^A^{b) /3*a id)T{a*a) 

N N 

and for any c, d in D^T^ fl ''JIt, we have : 

R{{idfs*a t^J^A<s,{c))r(rf*rf)) = (id f3*ai^J^A^{d))'i^ic*c)) 
N N 

For alln G A^, we have R{a{n)) = (3{n), which allows us to define Rp* a R from M p*aM 

N N 

onto M a*i3 M (whose inverse will be R a*i3 R), o,nd we have : 

N° N° 

r o R = c;no{r f^*a i?)r 

N 

Proof The proof is identical to [L2], 9.38 to 9.42. □ 

A. 7. Theorem. Let {N, a, (3, M, T) be a Hopf-bimodule; let us suppose that there exists a 
left-invariant operator-valued weight T, a right-invariant valued weight T' and v a normal 
semi-finite faithful weight on N, relatively invariant with respect to T and T' in the sense 
of 3. 7; we shall denote $ = z/ o o T^; then : 

(i) M is the weak closure of the linear span of all elements of the form {uo p*ci id)T{x), 

N 

for all X & M and uo G M,, such that there exists k > with uj o (3 < ku. 

(a) M is the weak closure of the linear span of all elements of the form {id p*^ uj)r{x), 

N 

for all X E M and uj G M^, such that there exists k > with uj o a < kv. 

(Hi) M is the weak closure of the linear span of all elements of the form [id * uJv,w){W)! 

where v belongs to D{aH^, v) and w belongs to D{{H^)p, 

Proof. The proof is identical to [L2], 9.25. □ 

A. 8. Definition. Let (A^, a, /3, M, F) be a Hopf-bimodule; let us suppose that there exists 
a left-invariant operator-valued weight T, a right-invariant valued weight T' and v a 
normal semi-finite faithful weight on A^, relatively invariant with respect to T and T' in 
the sense of 3.7; we shall denote $ = voa^^oT and \E' = vo(3~^oT' the two lifted normal 
semi-finite weights on M; let the one-parameter automorphism group constructed in 
A. 5 and let R be the involutive *-antiautomorphism constructed in A. 6. We shall call 
the scaling group of (A^, a, /3, M, F, T, T', z/) and R the coinverse of (A^, a, /?, M, F, T, T', u). 
Thanks to A. 6 and A. 7, we see that, T and v being given, R does not depend on the 
choice of the right-invariant operator- valued weight T'. 



Similarly, from A. 5, one gets that, for all x in M, uj G M^, such that there exists k > 
with UJ o a < ku, lo' G such that there exists A; > with io o < ku, one has : 

rt{{id (3*a '^)r(a;)) = {id uj o a'^^)Taf{x) 

N N 

nii^^' i3*a id)T{x)) = {u' o af p*^ id)TaZt{x) 

N N 

So, T and v being given, rt does not depend on the choice of the right-invariant operator- 
valued weight T' . 

A. 9. Theorem. Let {N, a, (3, M, T) be a Hopf-bimodule; let us suppose that there exists a 
left-invariant operator-valued weight T , a right-invariant valued weight T' and v a normal 
semi-finite faithful weight on N, relatively invariant with respect to T and T' in the sense 
of 3.7; we shall denote $ = i/ o o T ; then, for any ^, rj in D{aH^, u) fl D{{H^)^, u°), 
{id * uj^.^){W) belongs to D{Ti/2), and, if we define S = RTi/2, we have : 

S{{id * uJi:^r,){W)) = {id * uJr^,^){Wy 

More generally, for any x in D{S) = D{Tij2), we get that S{x)* belongs to D{S) and 
S{S{x)*)* = x; S will be called the antipod of the measured quantum groupoid, and, 
therefore, the co-inverse and the scaling group, given by polar decomposition of the anti- 
pod, rely only upon the pseudo-multiplicative W . 

Proof. It is proved similarly to [L2] 9.35 and 9.36. □ 

A. 10. Proposition. Let {N, a, /5, M, F) be a Hopf-bimodule, equipped with a left-invariant 
operator-valued weight T, and a right-invariant valued weight T' ; let u be a normal 
semi-finite faithful weight on N, relatively invariant with respect to T and T' in the 
sense of 3. 7; let be the scaling group of {N, a, (3, M, F, T, T', u) and R the coinverse of 
{N,a,P,M,T,TL,TR,u); then : 

(i) the operator-valued weight RT'R is left-invariant, the operator valued-weight RTR is 
right-invariant, and v is relatively invariant with respect to RT'R and RTR. 
(a) Tt is the scaling group of {N, a, /3, M, F, RT'R, RTR, v) 

Proof. Let $ = i/ o o T and ^ = u o f3~^ o T' the two lifted normal semi-finite weights 
on M by T and T'; the lifted weight by RT'R (resp. RTR) is then ^ oR (resp. $ o i?). 
As af°^ = Roa%oR and af°^ = Roa'^.oR, we get that and a^°^ commute, 

which is (i). 

From A. 5 and A. 6, we get that : 
r o af°^ = Foi?oa*oi? = ^No{R,3*a R)T o (j* o i? 

N 

= <;n'>{R oa^^oR RoTfO /2)<;ArF = (n af °^)F 

N° N 

from which we get that, for all x G M and uj G such that there exists k > such that 
UJ o a < kv, we have : 

Tt{{tdp*^uj)V{x)) = (zrf^*„a;oa!f )F(af°«(a;)) 

N N 

from which we get, by A. 7, that Tt is the scaling group associated to RTrR, RT^R and 

V. □ 
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Appendix B. Automorphism groups on the basis of a measured quantum 

groupoid 

In this section, with the same hypothesis as in appendix A, we construct two one- 
parameter automorphism groups on the basis N (B.2), and we prove (B.7) that these 
automorphisms leave invariant the quasi-invariant weight u. We prove also in B.7 that 
the weight u is also quasi-invariant with respect to T and RTR. We finish by proving 
(B.8) that our axioms and Lesieur's axioms are equivalent. 

B.l. Lemma. Let {N,a, (3, M,r) be a Hopf-bimodule, equipped with a left-invariant operator- 
valued weight T , and a right-invariant valued weight T' ; let v he a normal semi-finite 
faithful weight on N , relatively invariant with respect to T and T' in the sense of 3. 7. Let 
X e M n a{N)' andy eMn (3{N)' . Then : 

(i) X belongs to I3{N) if and only if we have : 

T{x) = 1 f3®a X 
N 

(ii) y belongs to a{N) if and only if we have : 

r(y) = y p®c 1 

N 

More generally, if Xi, X2 are in M n a{Ny and such that T{xi) = 1 f^<S)a X2, then xi = 

N 

x2e(3{N). 

Proof. The proof is given in [L2], 4.4. □ 

B.2. Proposition. Let {N,a, f3, M,r) be a Hopf-bimodule; let us suppose that there ex- 
ists a left-invariant operator-valued weight T, a right-invariant valued weight T' and v a 
normal semi-finite faithful weight on N, relatively invariant with respect to T and T' in 
the sense of 3. 7. Then, there exists a unique one-parameter group of automorphisms 7/" 
of N such that, for alltEM. and n G A^, we have : 

Moreover, the automorphism groups '~f^ and a'^ commute, and there exists a positive self- 
adjoint non-singular operator hi rj Z{N) fl N'^ such that, for any x G and t G M, 
we have : 

uo-f^{x) = v{hlx) 

Using the operator- valued weights RT'R and RTR, we obtain another one-parameter 
group of automorphisms 7/*' of N , such that we have : 

ar'\m) = /5(7f (n)) 

and a positive self-adjoint non-singular operator hn 77 Z{N) fl A^"^" such that we have : 

V o 7f (x) = v{h'^x) 

Proof. The existence of 7/" is given by [L2], 4.5; moreover, from the formula afoaf {j3{n)) = 
erf o erf (/5(n)), we obtain : 
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which gives the commutation of 7/" and a'^^^. The existence of hi is then straightforward. 
The construction of 7^ and is just the apphcation of the preceeding resuhs to RT'R, 
RTR and u. □ 

B.3. Proposition. Let {N,a, f3, M,r) be a Hopf-bimodule; let us suppose that there ex- 
ists a left-invariant operator-valued weight T , a right-invariant valued weight T' and v 
a normal semi-finite faithful weight on N, relatively invariant with respect to T and T' 
in the sense of 3.7. Let Ti (resp. Tr) be another left (resp. right) -invariant operator- 
valued weight; we shall denote $ = z/ o a'^^ oT , $' = zy o o T^, ^ = v o (3^^ o T' and 
= V o f3~^ o Tr the lifted normal semi-finite weights on M; then, we have : 

I3{hf) = {Dm' o af : D^' o r^). 

a{h%') = {D^' oa%:D^' oTt)s 
where Tg is the scaling group constructed from T, T' and v as well from RT'R, RTR and 
V (A. 5 and A. 10). 

Proof. From A. 5, we get, for all t G M, F o afr^t = {id i3*a T-t)F, and, therefore, by 

TV 

the right-invariance of Tr, we get, for all x G SOXj^, that Tta^{TRaf T-.t{x) = Tr{x); let 
now X G 071^,; Tr{x) is an element of the positive extended part of I3{N) which can be 
written : 

/■oo 

/ Xdex + (1 - p)oo 
Jo 

where p is a projection in P{N), and ex is a resolution of p. As x belongs to Tt^,, it is 
well known that p = 1, and Tr{x) = Xdex- There exists also a projection q and a 
resolution of q such that : 

POO 

Tta'^^TRafT_t{x) = / Xdfx + {1 - q)oo 
Jo 

and, for all fi G M"*", we have, because e^xe^ belongs to '■ 

POO 

{ / Xdfx)e^ + e^(l - q)e^oo = e^Tta'^{TRafT^t{x)e^ 
Jo 

rta-ttTRafr^t{ei^xe^) 
TR{ef,xef,) 

Xdcx 

from which we infer that (1 — q)e^ = 0, and, therefore, that q = 1; then, we get that 
efj,Tta%TRafT_t{x)e^ is increasing with /i towards Tr{x). Therefore, we get that : 

ncr^^T/jcrf r_t(x) C Tr{x) 
and, finally, the equality, for all x G 971^/ : 

rt(T*jTRcrf r_t(x) = Tr{x) 
Moreover, as we have, for all n G : 

T.atmn)) = /3(ar7^,(n)) 
we get, using B.2, that, for all x G £DT^, : 

m'{P{hl'^')crfr^t{xmhT^')) = ^'{x) 
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and, therefore, that, for all x G M"*" : 

A similar calculation (with r^a^j instead of afr_t) leads to : 

^>'mf)na%{x)f3{hf)) < ^>\x) 

which leads to the equality, from which we get the first result. 
Applying this result to RTjiR, RTlR and z/, we get, using again A. 10 : 

= oa%oR: D^' 0^0 R), 

= R[i{D<^'oa':,:D<^'or,)^sr] 
which leads to the result. □ 

B.4. Corollary. Let {N, a, M, F) be a Hopf-bimodule; let us suppose that there exists a 
left-invariant operator-valued weight T , a right-invariant valued weight T' and v a normal 
semi-finite faithful weight on N, relatively invariant with respect to T and T' in the sense 
of 3. 7. We shall denote $ = z/ o o T and = v o j3~^ o T' the two lifted normal 
semi-finite weights on M, R the coinverse and Tt the scaling group constructed in A. 6 
and A. 5; we shall denote A the scaling operator 0/ \i/ with respect to $ (2.6), hi and Hr 
the operators constructed in B.2. Then, for all s, t inM. : 

(i) {Dm : Dm o Tt)s = \''^(3{hf) 

(ii) : o Tt)s = \''^a{h%^) 

(ill) : D$ o (T*°^), = X''a{h'^^)a{hl''^) 
(iv) {Dm : Dm o = X'''(3{h!/)(3{h^'''). 

Proof Applying B.3 with Tr = T', as {Dm o af : Dm), = A"*"* (2.6), we obtain (i). 
Applying B.3 with Tl = T, as (£>$ : D^oa^), = A^'*, we obtain (ii). Applying B.3 with 
Tfj = RTR, we obtain : 

I3{h^l^) = {D^ oRoaf : D^oRo n), 

= (£)$ o a'^f oR: D^oTtoR), 
= R{{D<^ o a^f : D<^ o Tt)*_,) 
and, therefore a{h^l^) = (D$ o cr*°^ : D$ o rt)*_, from which one gets : 

a(/if) = (D$oa!f :D$on). 

Using (ii), we get : 

(/}$ : D$ o a^f), = \'''a{h%')a{hl''') 
which is (iii). And applying B.3 with Tl = RT'R, we obtain (iv). □ 

B.5. Lemma. Let M be a von Neumann algebra, $ a normal semi-finite faithful weight 
on M, 6t a one parameter group of automorphisms of M. Let us suppose that there exists 
a positive non singular operator fi affiliated to M* such that, for all s, t in M, we have 

(D$ o Ot : D^), = n''^ 

We have then, for all t G M, ^t(Ai) = /W- Let us write /i = Xde\ the spectral decompo- 
sition of fi, and let us define fn = Jy^ dcx- We have then, for all a in t inM., n in 
N : 

'^J<s,A<s,(a/„) °dt = ti^j<j,A<j,(6)_t(a)/„/i*/2) 
102 



Proof. Let us remark first that 9t{fJ,) = fj,, and, therefore, 9t{fn) = fn- On the other hand, 
for any a in M, we have : 

and then : 

If now X is analytic with respect to $, we get that 9_t{fnxfm) is analytic with respect to 
$ and that : 

U9^taf,^{x)fm = fi-'/'fnaf/,{9.t{x))Ufi'/' 
Let us take now a in 9^$, analytic with respect to $; we have, for any y in M : 

o9t{y) = {9tiy)J<!>A^{fnafm)\J<!>A^{fnafm)) 

= my)AMn.^%ici*)fn)\AMma%{a*)fn)) 
= ^{fn(^f/2 {(^)fm9t{y) fm(^-i /2 («* ) fn) 

which, using the preceeding remarks, is equal to : 

and, making now /„ increasing to 1, we get that Lijj^A<i>(a/„) ° 9t{y) is equal to : 

= (yA^(/™/i*/V%(e_*(a*)))|A*(/^/i*/V!,/2(^_*(a*))) 

= (yJ$A$(^_i(a)/„/i*/2)|j^A^(0_,(a)/„/i*/2)) 

from which we get the result. □ 

B.6. Lemma. Let {N, a, (3, M, F) be a Hopf-bimodule, equipped with a left-invariant operator- 
valued weight T , and a right-invariant valued weight T' ; let u be a normal semi-finite 
faithful weight on N, relatively invariant with respect to T and T' in the sense of 3. 7. We 
shall denote $ = z/oa~^oT and \1/ = uo p~^oT' the two lifted normal semi-finite weights 
on M, R the coinverse and Tt the scaling group constructed in A. 6 and A. 5. Then, we 
have : 

(i) there exists a positive non singular operator Hi affiliated to and invariant under 
Tt, such that (D$ o Tt : -0$)^ = /i*/*; let us write /ii = Xdcx and fn = f^^dcx; we 
have then, for all a in 9^$, t in M., n in N and x in : 



T o Tt{x) = ao (jt o a~^(T{fi\^^xfii *^^)) 

(ii) there exists a positive non singular operator fi2 affiliated to M* and invariant under 
af°^, such that {D^ o a'tf ■ = ; let us write /ia = Xde\ and /; = /"^^ de\; 

we have then, for all b in 9T<i,, t m M and n inN : 

T(a!f (/i-*/\/if )) = a o 7^ o a~\nx)) 

Moreover, we have = X"'''^ a{h'^^) , fi^ = /^rcK(^L); o-i^d > '^(^l) belong to 

a{N)' n M*. The non-singular operators fii, /i2 and a{hL) commute two by two. 
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Proof. By B.4(ii), we get that (-0$ o n : D^)s = A~***a(/;.^*'**), as A is positive non 
singular, affiliated to the center Z{M), and hji is positive non singular affiliated to the 
center of N, we get there exists /ii positive non singular, affiliated to such that : 

We can then apply B.5 to Tt and Tt{a)fn (which belongs to to get the ffist formula 
of (i). On the other hand, we get that a o cr^lj o a"^ o T o is a normal semi-finite 
operator-valued weight which verify, for all x G M"*" 

a o a^_^ o o T o Tt{x) = T{jJ/'^xfii'^) 

from which we get the second formula of (i). 

By B.4(iii), we get that (D$ o 0"*°^ : Z)$), = \-^''^a{h'^^^)a{hf)] with the same argu- 
ments, we get that there exists /i2 positive non singular, affiliated to such that: 

and we get the ffist formula of (ii) by applying again B.5 with cr*^^. 

On the other hand, using B.2, we get that a o 7^;^ o o T o cr*^^ is an operator-valued 

weight which verify, for all x G M"*" : 

z.o7^,o«-ioToa*f(x) = u{hl'/'a-\Ta^_fi^))h;'/') 

= $(a(/.Z*/V*f (x)a(/^Z*/')) 

= <l>oa^_f[aihl'/')xa{hl'/')] 

= <!>{f,fa{hl'/')xa{hl'/')fif) 

from which we get, because jJ^^'^ctihJ^*^'^) commutes with a{N) : 

a o 7:^, o a-i o T o fr!f (x) = T{^ifa{hl''^)xa{Kl'''')^f) 

or : 

r(a?f (x)) = a o 7^ o a~\T{^^fx^^f)) 
from which we finish the proof. □ 

B.7. Proposition. Let {N, a, (3, M,r) be a Hopf-bimodule, equipped with a left-invariant 
operator-valued weight T , and a right-invariant valued weight T' ; let v he a normal semi- 
finite faithful weight on N, relatively invariant with respect to T and T' in the sense of 
3.7. We shall denote $ = uoa~^oT and = uojS'^^oT' the two lifted normal semi-finite 
weights on M , R the coinverse and Tt the scaling group constructed in A. 6 and A. 5; let 
A be the scaling operator of ^ with respect to ^ (2.6), 7'^ and 7*^ the two one-parameter 
automorphism groups of N introduced in B.2 ; then : 

(i) for all t G M, we have T o = {af a!°«)r = (a*°^ a* )r. 

N N 

(ii) we have = = 1, and z/ o 7^ = z/ o 7^ = i/. 

(Hi) for all s, t in M, we have (D$ : o r^)^ = {D'^ : o Tt)s = A*""*. 

(iv) for all s, t m M, we have {D^ o af°^ : = A^"*. 

Therefore, the modular automorphism groups cr* and cr*°-^ commute, the weight v is 
relatively invariant with respect to $ and $ o i? and A is the scaling operator 0/ $ o i? 
with respect to $; and we have Tt{X) = A, -R(A) = A; 

(v) there exists a non singular positive operator q affiliated to Z(N) such that A = a{q) = 
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Proof. As, for all n E N, we have : 

a!f = RafR{a{n)) = a{^tin)) 

and, by definition, af{(3{n)) = /3{'-f["{n)), using a remark made in 2.4, we may consider 
the automorphism cr*^ crf°^ on M ^3*^^ M; let's take a and b in fl DTt! let's write 

N N 

hi = Jq Xde^ and let us write hp = dej^; moreover, let's use the notations of B.6; we 
get that : 

{id p*^ ^J^A^(ba{h,)fl^)){(^-t /3*a (Tf°^)T O Tt{fr,a* afr,) 
N N 

is equal to : 

N 

which, thanks to B.6(ii), can be written, because a{hp) belongs to a{N)' fl M*, and 
therefore ba{hp) belongs to : 



N 

or : 



N 

By B.6 and 2.2.2, we know that afnfJ^^"^ belongs to 91$ fl ^t', using now B.6(i), we get 
that Tt{afn) = Tt{a)fn belongs to DT$ fl DTt- 

On the other hand, by B.6 and 2.2.2, we know that ba{hp)f^ belongs to 91$ fl Dlr; using 
now B.6(ii), we get that : 

cr*f = ^Tib)f:^fi^'^'aihp)aihf) 

belongs to Dl$ fl 91r, and so, using again 2.2.2, 

^Tib)fLf^2'^MK) = aTib)fLfi-2'^MKMhf)aihp)aihl'^') 

belongs also to Dl<i, fl 91t; therefore, we can use A. 6, and we get it is equal to : 

N 

which can be written, thanks to B.6(i) : 

Raf°^{id f3*a t^j^A^(„/„^*/2) ° r^t)'r{fi^^^^f^a{hp)(r^f{b*b)a{hp)f^fi~^^^) 

or, a{hp), as well as being invariant under af°^ : 

R{idp*a ^j„A*(a/„^'/2))(c^f°^ i3*a T-t)T o a^f ifi^^^^ f^a{hp)b*ba{hp) f^fi'^^^) 

and using A. 5, and again A. 6, we get it is equal to : 
R[{id p*a u j^^^^^^^^t^2^)V{ii~^''^ f^a{hp)b%a{hp)f^^^^ 

Finally, we have proved that, for all a, b in fl DTt? fn, iu N, we have : 

{id f3*a UJj^A^(^ba{hp)f^))icr'^t P*a (jf °^)r O Tt{fnCl*afn) = 
N N 



{id ^j^A*{6a(h,)/;„;.-*/^))r(/^f /na*a/„/if ) 
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But, for all x,y & M, we have : 

i^j^A^{ba{h,)f^){x) = ujj^,A^(^b){a{hp)f^xf^a{hp)) 

and, therefore, we get that : 

{id p*a t^j4.A*(fe))[(l /3®a o:{hp) f^){a'^^ fs*^ crf°^)r o n(/„a*a/„)(l fLa{hp))] 

N N N N 

is equal to : 



and, by density, we get that : 

TV TV iV 

is equal to : 

(1 /3^a a(/lp)/^/i2*^^)r(/i*/Vna*a/„/i*/^)(l /3®« /W2*^Vma(^p)) 

TV TV 

and, after making p going to cxd, we obtain that : 

N N N 

is equal to (*): 

AT Af 

Let's now take a file Oj in fl D^t weakly converging to 1; going to the limit, we get 
that : 

N N N N N 

When n goes to oo, then /„ is increasing to 1, the first is increasing to 1 f'm^ and the 

Af 

second is increasing to (1 js®^ P®a /^2*^^/m) which is therefore bounded. 

Af N 

Taking now m going to oo, we get that the two non-singular operators r(/i*) and 
1 i3®a lA equal. Using B.l, we get then that /ii is equal to /i2 (and is affiliated 

Af 

to P{N)), from which we get, using B.6, that Hl = 1- Applying all these calculations to 
(iV, a, (3, M, r, RT'R, T', u), we get that /ir = 1, which is (ii). 
Let's come back to the equality (*) above; we obtain that : 

(1 /;)(a* fs*a af°«)r o n{Ua*afn){l p®. fj 

N N N 

is equal to : 

(l^®„/Jr(/„aWn)(l/3®a/J 
Af Af 

So, when n and m go to oo, we obtain : 

(a* ^*„af°«)ron(a*a) =r(a*a) 

Af 

which, by density, gives the first formula of (i), the secong being given then by A. 10. 
From (ii) and B.4 (i) and (ii), we get (iii). 

From (ii) and B.4(iii), we get that (D$ o af°^ : -D$)s = A*'^*; therefore, as A is affihated 
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to Z{M), we get the commutation of the modular groups a* and cr*°^. Using 2.6, we get 
that there exists Xr positive non singular affiliated to Z{M) and 5^ positive non singular 

affiliated to M such that (D$ o R : D^)t = ^'^^r, and the properties of R allows us to 
write that R{\r) = Xr. But, on the other hand, the formula (D$ o af°^ : -0$)^ = 
(2.6), gives that Xr = X and, therefore, we get that -R(A) = A. The formula Tt{X) = X 
comes from (iii), which finishes the proof of (iv). 

By (i), we have A = yUi = /i2, and, as we had proved that fii is affiliated to P{N), we get 
that A is affilated to l3{N)] as -R(A) = A by (iv), we get (v). □ 

B.8. Theorem. Let {N, M, a, f3, F, T, T', u) be a measured quantum groupoid in the sense 
of 3.7, and let us denote R (resp. Tt) the co-inverse (resp. the scaling group) constructed 
in A. 6 (resp. A. 5). Then : 

(i) [N, M, a, (3, r, T, RTR, u) (resp. {N, M, a, (3, F, RT'R, T', u)) is a measured quantum 
groupoid . Moreover, R (resp. Tt) remains the co-inverse (resp. the scaling group) of this 
measured quantum groupoid. 

(a) [N, M,a, f5,r,T, R,T,i>) is a measured quantum groupoid in the sense o/[L2], ^.i. 
(iii) conversely if {N, M,a, P,T,T, R,T,h') is a measured quantum groupoid in the sense 
of [L2], then {N, M, a, /5, F, T, RTR, u) is a measured quantum groupoid in the sense 
of 3.7. 

Proof. Result (i) is given by B.7(iv); (ii) is given by A. 6, A. 8 and B.7(ii); and (iii) is given 
by [L2], 5.3. □ 
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